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Abstract

Concepts are the most fundamental unit of cognition that carries certain meanings in expression, think-
ing, reasoning, and system modeling. In denotational mathematics, a concept is formally modeled as an 
abstract and dynamic mathematical structure that encapsulates attributes, objects, and relations. The most 
important property of an abstract concept is its adaptive capability to autonomously interrelate itself to 
other concepts. This article presents a formal theory for abstract concepts and knowledge manipulation 
known as “concept algebra.” The mathematical models of concepts and knowledge are developed based 
on the object-attribute-relation (OAR) theory. The formal methodology for manipulating knowledge as 
a concept network is described. Case studies demonstrate that concept algebra provides a generic and 
formal knowledge manipulation means, which is capable to deal with complex knowledge and software 
structures as well as their algebraic operations. 

Keywords:	 case studies; cognitive informatics; concept; concept algebra; denotational mathematics; 
knowledge; knowledge network; learning; mathematics; natural intelligence; the OAR 
model

INTRODUCTION
In cognitive informatics, logic, linguistics, psy-
chology, software engineering, and knowledge 
engineering, concepts are identified as the basic 
unit of both knowledge and reasoning (Ander-
son, 1983; Colins & Loftus, 1975; Ganter & 
Wille, 1999; Hampton, 1997; Hurley, 1997; 
Matlin, 1998; Murphy, 1993; Wang, 2006a, 
2006b, 2006c, 2007a, 2007c; Wang & Wang, 
2006; Wilson & Keil, 1999). The rigorous 
modeling and formal treatment of concepts are 
at the center of theories for knowledge presenta-

tion and manipulation (Smith & Medin, 1981; 
Wille, 1982; Murphy, 1993; Codin, Missaoui, & 
Alaoui, 1995; Wilson & Keil, 1999; Yao, 2004; 
Chen & Yao, 2005). A concept in linguistics is a 
noun or noun-phrase that serves as the subject of 
a to-be statement (Hurley, 1997; Wang, 2002a, 
2006a, 2006c, 2007d). Concepts in cognitive in-
formatics (Wang, 2002a, 2006c, 2007b, 2007e) 
are an abstract structure that carries certain 
meaning in almost all cognitive processes such 
as thinking, learning, and reasoning.
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Definition 1. A concept is a cognitive unit to 
identify and/or model a real-world concrete en-
tity and a perceived-world abstract subject.

Based on concepts and their relations, 
meanings of real-world concrete entities may be 
represented and semantics of abstract subjects 
may be embodied. Concepts can be classified 
into two categories, known as the concrete and 
abstract concepts. The former are proper con-
cepts that identify and model real-world entities 
such as the sun, a pen, and a computer. The lat-
ter are virtual concepts that identify and model 
abstract subjects, which cannot be directly 
mapped to a real-world entity, such as the mind, 
a set, and an idea. The abstract concepts may 
be further classified into collective concepts, 
such as collective nouns and complex concepts, 
or attributive concepts such as qualitative and 
quantitative adjectives. The concrete concepts 
are used to embody meanings of subjects in 
reasoning while the abstract concepts are used 
as intermediate representatives or modifiers in 
reasoning. 

A concept can be identified by its intension 
and extension (Hurley, 1997; Smith & Medin, 
1981; Wang, 2006c; Wille, 1982; Yao, 2004). 

Definition 2. The intension of a concept is 
the attributes or properties that a concept 
connotes.

Definition 3. The extension of a concept is 
the members or instances that the concept 
denotes. 

For example, the intension of the concept 
pen connotes the attributes of being a writing 
tool, with a nib, and with ink. The extension 
of the pen denotes all kinds of pens that share 
the common attributes as specified in the inten-
sion of the concept, such as a ballpoint pen, a 
fountain pen, and a quill pen.

In computing, a concept is an identifier or 
a name of a class. The intension of the class is 
a set of operational attributes of the class. The 
extension of the class is all its instantiations or 
objects and derived classes. Concept algebra 

provides a rigorous mathematical model and 
a formal semantics for object-oriented class 
modeling and analyses. The formal modeling 
of computational classes as a dynamic concept 
with predesigned behaviors may be referred 
to “system algebra” (Wang, 2006b, 2007d, 
2008b, 2008d).        

This article presents a formal treatment of 
abstract concepts and an entire set of algebraic 
operations on them. The mathematical model of 
concepts is established first. Then, the abstract 
mathematical structure, concept algebra, is 
developed for knowledge representation and 
manipulation. Based on concept algebra, a 
knowledge system is formally modeled as a 
concept network, where the methodology for 
knowledge manipulating is presented. Case 
studies demonstrate that concept algebra pro-
vides a denotational mathematical means for 
manipulating complicated abstract and concrete 
knowledge structures as well as their algebraic 
operations.

THE MATHEMATICAL MODEL 
OF ABSTRACT CONCEPTS
 This section describes the formal treatment 
of abstract concepts and a new mathematical 
structure known as concept algebra in cognitive 
informatics and knowledge engineering. Before 
an abstract concept is defined, the semantic 
environment or context (Chen & Yao, 2005; 
Ganter & Wille, 1999; Hampton, 1997; Hur-
ley, 1997; Medin & Shoben, 1988) in a given 
language, is introduced. 

Definition 4. Let   denote a finite or infinite 
nonempty set of objects, and  be a finite 
or infinite nonempty set of attributes, then a 
semantic environment or context Θ is denoted 
as a triple, i.e.:         

( )  , ,
    =     |    |    |   
Θ

→ → → →: 
   

        
				    (1)

where  is a set of relations between   and 
, and | demotes alternative relations. 
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According to the Object-Attribute-Relation 
(OAR) model (Wang, 2007c, 2007d; Wang &  
Wang, 2006), the three essences in Θ can be 
defined as follows.

 
Definition 5. An object o is an instantiation of 
a concrete entity and/or an abstract concept. 

In a narrow sense, an object is the identifier 
of a given instantiation of a concept. 

Definition 6. An attribute a is a subconcept that 
is used to characterize the properties of a given 
concept by more specific or precise concepts in 
the abstract hierarchy.

In a narrow sense, an attribute is the identi-
fier of a subconcept of the given concept.  

Definition 7. A relation r is an association be-
tween any pair of object-object, object-attribute, 
attribute-object, and/or attribute-attribute.

On the basis of OAR and Θ, an abstract 
concept is a composition of the above three 
elements as given below.       

Definition 8. An abstract concept c on Θ is a 
5-tuple, i.e.:

 
( , , , , )c i oc O A R R R     		  (2)

where

•	 O is a nonempty set of objects of the con-
cept, O = {o1, o2, …, om} ⊆ ÞO, where ÞO 
denotes a power set of O.

•	 A is a nonempty set of attributes, A = {a1, 
a2, …, an} ⊆ ÞA.

•	 Rc = O × A is a set of internal relations. 
•	 Ri ⊆ C′ × C is a set of input relations, where 

C′ is a set of external concepts. 
•	 Ro ⊆ C × C′ is a set of output relations.        

The structure of the concept model c = 
(O, A, Rc, Ri, Ro) can be illustrated in Figure 1, 
where c, A, O, and R, R = {Rc, Ri, Ro}, denote the 
identifier of the concept, its attributes, objects, 
and internal/external relations, respectively.

It is interesting to compare the formal model 
of abstract concepts as given in Definition 8 with 
the notion of the concept lattice proposed by 
Wille (1982). Wille defined a formal concept as 
a pair of sets of objects and attributes, i.e.:

c(O, A), O ⊆ O ∧ A ⊆ A	 (3)

It is obvious that the abstract concept ex-
tends Wille’s concept model from a pair to a 
triple, where the set of relations is explicitly and 
formally modeled in three categories known as 
the internal, input, and output relations. The I/O 
relations enable a conventional static concept to 
be dynamically associated to other concepts in 
order to represent and manipulate complicated 
concept operations and compositions in a con-
cept network and knowledge hierarchy.           

 
 
 

 

   Rc 

   A 

   O   Ri   Ro  Other Cs   Other Cs 

   c 

 Θ 

Figure 1. The structured model of an abstract concept
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Theorem 1. The dynamic and adaptive property 
of concepts states that an abstract concept is a 
dynamic mathematical structure that possesses 
the adaptive capability to interrelate itself to 
other concepts via Ri and Ro.      

Based on Definition 8, an object derived 
from a concept and the intension/extension of a 
concept can be formally defined as follows. 

Definition 9. An object of a concept o is a derived 
instantiation of the concept that implements an 
end product of the concept,o ⊂ O, i.e.:    

( , , , , ), . , ,c i o o
i i oc O A R R R o c o o O R∀ = ⊂ ≡ ∅

	 ⇒o(Ao, R
c
o, R

i
o| Ao ⊇ A, Rc

o= o × Ao, R
i
o = 

	 {(c, o)})
				    (4)

Equation 4 indicates that an object is a 
tailored end-product of a concrete concept 
where there is no any output-oriented relation 
to another concept.  

Definition 10. The intension of a concept c = 
(O, A, Rc, Ri, Ro), c*, is represented by its set 
of attributes A, i.e.: 

#

1

( ) = Þ
j

O
c i o

o
i

c* O,A,R ,R ,R  A A 
=

⊆


 
				    (5)

where Þ denotes a power set of , and # is 
the cardinal operator that counts the number of 
elements in a given set.

Definition 10 indicates that the narrow 
sense or the exact semantics of a concept is 
determined by the set of common attributes 
shared by all of its objects. In contrary, the 
broad sense or the rough semantics of a concept 
is referred to the set of all attributes identified 
by any of its objects as defined below.  

Definition 11. The complete set of attributes of 
a concept c = (O, A, Rc, Ri, Ro), or the instant 
attributes denoted by all objects of c, is a closure 
of all objects’ intensions, A*, i.e.:

                       	

j

#O

o
j=1

A*   A


 			   (6)

Definitions 10 and 11 specify that (a) The 
intension of a concept is a finite set of objec-
tively identifiable attributes at a given level of 
abstraction, and (b) the intension of a concept 
is dynamic. When more objects for the same 
concept are denoted, the domain of the intension 
is usually shrinking in order to accommodate 
the new objects in the same structure of the 
concept.

Conventionally, the domain of a concept’s 
intension is used to be perceived subjectively in 
literature (Hurley, 1997; Matlin, 1998). In this 
approach, it is deemed that a concept connotes 
the attributes, which occur in the minds of people 
who use that concept, or where something must 
have in order to be denoted by the concept. 
Both the above informal perceptions are not 
objectively operational in defining a complete 
and unambiguity domain of intensions. To 
solve this fundamental problem, Definition 10 
provides a unique and objective determination 
of any given concept.  

Definition 12. The extension of a concept c = 
(O, A, Rc, Ri, Ro), c+, is represented by its set 
of objects O, i.e.:   

( ) = { } Þ+ c i o
1 2 mc O,A,R ,R ,R   O o , o , ..., o ⊆


				    (7)

A formal and objective definition of the 
domain of intension is provided below. 

Definition 13. The domain of a concept c = (O, 
A, Rc, Ri, Ro) is a set of attributes with a narrow 
sense Dmin referring to its intension and a broad 
sense Dmax referring to its closure, i.e.:

                       	
#

min
1

max

( )
( )

( ) *

j

j

O

o
j

#O

o
j=1

D c A A
D c  

D c A A

=


= =



 = =







				    (8)
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It is noteworthy that in conventional litera-
ture, it is only believed that the intension of a 
concept determines its extension (Hurley, 1997; 
Matlin, 1998). However, Definition 13 reveals 
that the extension of a concept, particularly the 
common attributes elicited from the extension, 
determines its intension as well.      

Theorem 2. The nature of concept hierarchy 
states that in an abstraction hierarchy, the 
higher the level of a concept in abstraction, 
the smaller the intension of the concept; and 
vice versa. 

Relationships between concepts in a con-
cept hierarchy can be illustrated in Figure 2 at 
three levels known as the knowledge, object, 
and attribute levels. The internal relations of 
concepts, Rc = O × A can be formally represented 
by concept matrixes. 

Example 1. The concept matrix of concept c1 
is given in Table 1. According to Definition 
13, the intension and extension of concepts c1 

as specified in Table 1 can be objectively and 
uniquely determined as: Ac1 = {a2, a4} and Oc1 
= {o11, o12, o13}.

Definition 14. The identification of a new 
concept c(O, A, Rc, Ri, Ro) is the elicitation of 
its objects O, attributes A, and internal rela-
tions Rc, from the semantic environment Θ = 
(, , ), i.e.:    

c
( , , , , |  , ,c i o cO A R R R O U A M R⊂ ⊂ =

, , )i cO A R R× = ∅ = ∅
				    (9)

In Definition 14, Ri = Ro = ∅ denotes that 
the identification operation is an initialization 

Figure 2. The hierarchical relations of concepts and their internal structures

c1 a1 a2 a3 a4

o11 1 1 1 1

o12 1 1 1

o13 1 1 1

Table 1. The concept matrix of c1

c1

 o11  o1� o12

a�a� …A� A� an

 o22 o21

c2

c3

Knowledge 
  level (K) 

Attribute level 
         (M) 

Object level 
       (U) 

O1 O2

 A1
A2

a1 a 2

  Ri, Ro

 Rc
1  Rc

2



�    Int’l Journal of Cognitive Informatics and Natural Intelligence, 2(2), 1-19, April-June 2008

Copyright © 2008, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global 
is prohibited.

of a newly created concept where the input and 
output relations may be established later.   

     
Definition 15. A qualification of a concept c(O, 
A, Rc, Ri, Ro), denoted by *c, is the identification 
of its domain, i.e.:    

#

min
1

max

( )
* ( )

( ) *

j

j

O

o
j

#O

o
j=1

D c A A
c D c

D c A A

=


= =

= 
 = =







				    (10)

Definition 16. A quantification of a concept 
c(O, A, Rc, Ri, Ro), denoted by #c, is the cardinal 
evaluation of its domain in term of the number 
of attributes included in it, i.e.:   

#

min
1

max

# ( ) # #( )
# # ( )

# ( ) # * #( )

j

j

O

o
j

#O

o
j=1

D c A A
c D c

D c A A

=


= =

= 
 = =







				    (11)

Example 2. According to Definitions 15 and 
16, the qualification and quantification of 
concept c1 as given in Figure 2 are as follows, 
respectively:

1

1

min 1 2 4
1 1

max 1 1 2 3 4

( ) { , }
* ( )

( ) * { , , , }
c

c

D c A a a
c = D c

D c A a a a a

= ==  = =

1

1

min 1
1 1

max 1

# ( ) # 2
# # ( )

# ( ) # * 4
c

c

D c A
c = D c

D c A

= ==  = =
   
Concept algebra is an abstract mathematical 

structure for the formal treatment of concepts 
and their algebraic relations, operations, and 
associative rules for composing complex 
concepts.         

Definition 17. A concept algebra CA on a given 
semantic environment Θ is a triple, i.e.:

r c( ,  ,  ) = ({ , , }, { , },  )c i oCA  C OP O A R , R , RΘ • • Θ

				    (12)

where OP = {•r, •c}are the sets of relational 
and compositional operations on abstract 
concepts.     

Concept algebra provides a denotational 
mathematical means for algebraic manipula-
tions of abstract concepts. Concept algebra 
can be used to model, specify, and manipulate 
generic “to be” type problems, particularly 
system architectures, knowledge bases, and 
detail-level system designs in computing, 
software engineering, system engineering, 
and cognitive informatics. The relational and 
compositional operations on concepts will be 
formally described in the following sections.  

RELATIONAL OPERATIONS OF 
CONCEPTS
The relational operations of abstract concepts 
are static and comparative operations that do 
not change the concepts involved. It is recog-
nized that relationships between concepts are 
solely determined by the relations of both their 
intensions A and extensions O. The relational 
operations on abstract concepts in concept 
algebra are described below.

Lemma 1. The relational operations •r in 
concept algebra encompasses 8 comparative 
operators for manipulating the algebraic rela-
tions between concepts, i.e.:  

    r { }

				    (13)

where the relational operators stand for related, 
independent, subconcept, superconcept, equiva-
lent, consistent, comparison, and definition, 
respectively. 

Definition 18. The related concepts c1 and c2 
on Θ, denoted by ↔, are a pair of concepts 
that share some common attributes in their 
intensions A1 and A2 , i.e.:    
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1 2 1 2c c A  A  ↔ ∩ ≠ ∅ 		  (14)

Definition 19. The independent concepts c1 and 
c2 on Θ, denoted by , are two concepts that 
their intensions A1 and A2 are disjoint, i.e.:     

1 2 1 2c c A   A∩ = ∅   		  (15)

It is obvious that related and independent 
concepts are mutually exclusive. That is, if c1 
↔ c2, then ¬ (c1  c2); and vice versa.  

Definition 20. A subconcept c1 of concept c2 on 
Θ, denoted by , is a concept that its intension 
A1 is a superset of A2, i.e.:     

1 2 1 2c c A  A⊃  		  (16)

Definition 21. A superconcept c2 over concept 
c1 on Θ, denoted by , is a concept that its 
intension A2 is a subset of A1, i.e.:      

2 1 2 1c c A   A⊂  			  (17)

According to Definitions 20 and 21, a 
subconcept and a superconcept are reflective. 
That is, if c1  c2, then c2  c1.

Definition 22. The equivalent concepts c1 and 
c2 on Θ, denoted by =, are two concepts that 
their intensions (A1 , A2 ), and extensions (O1 , 
O2) are identical, i.e.:   

  
1 2 1 2 1 2c = c  A   A O   O= ∧ =( ) ( )

				    (18)

Definition 23. The consistent concepts c1 and 
c2 on Θ, denoted by @, are two concepts with 
a relation of being either a sub- or supercon-
cept, i.e.:

≅ ∨ ( )1 2 1 1 1 2

1 1 1 2

c c c  c c c
A A A  A= ⊂ ∨ ⊃

( )
( ) ( )



				    (19)

Definition 24. A comparison between two 
concepts c1 and c2 on Θ, denoted by ~, is an 

operation that determines the equivalency or 
similarity level of their intensions, i.e.:    

( )
( )

1 2
1 2

1 2

# A Ac c   * 100%
# A A

∩
∪

  	 (20)

The range of equivalency between two 
concepts is among 0 to 100 %, where 0% means 
no similarity and 100% means a full similarity. 
According to Definition 24, It is obvious that:  

 = 

   

   

1 2

2
1 2 1 2

1

1
1 2

2

100%, c c
#Ac c  = 100%, c c
#A
#A 100%, c c
#A











 

 



				    (21)

Definition 25. A definition of a concept c1 by c2 
on Θ, denoted by , is an association between 
two concepts where they are equivalent, i.e.:    

1 2 1 2

c i i o o
1 1 1 1 2 1 2

( | O = O ,A = A ,

        R = O × A ,R = R ,R = R )

c i o c i o
1 1 1 1 1 1 2 2 2 2 2 2

c i o
1 1 1 1 1 1

c O , A , R , R , R c O , A , R , R , R

c O , A , R , R , R

( ) (  )

  




				    (22)

COMPOSITIONAL 
OPERATIONS OF CONCEPTS
The compositional operations of concept alge-
bra are dynamic and integrative operations that 
always change all concepts involved in parallel. 
Compositional operations on concepts provide 
a set of fundamental mathematical means to 
construct complex concepts on the basis of 
simple ones or to derive new concepts on the 
basis of exiting ones.

Lemma 2. The compositional operations •c in 
concept algebra encompasses nine associa-
tive operators for manipulating the algebraic 
compositions among concepts, i.e.:  
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

   c { , }

				    (23)

where the compositional operators stand for in-
heritance, tailoring, extension, substitute, compo-
sition, decomposition, aggregation, specification, 
and instantiation, respectively.

The compositional operations of concept 
algebra can be illustrated in Figure. 3. In Figure 
3, R = {Rc, Ri, Ro}, and all nine compositional op-
erations define composing rules among concepts, 
except instantiation that is an operation between 
a concept and a specific object.    

Definition 26. An inheritance of concept c2 from 
concept c1, denoted by ⇒, is the creation of the 
new concept c2 by reproducing c1, and the estab-
lishment of new associations between them in 
parallel, see Box 1, where c1 is called the parent 
concept, c2 is the child concept, and || denotes that 
an inheritance creates new associations between 
c1 and c2 in parallel via (Ro

1, R
i
2) and (Ro

2, R
i
1).

Definition 27. The multiple inheritance of concept 
c from n parent concepts c1, c2, …, cn, denoted by 
⇒, is an inheritance that creates the new concept c 

via a set of n conjoint concepts and establishes new 
associations among them, see Box 2, where ( )

n

i
i=1

 xR  
is known as the big-R notation (Wang, 2002b, 
2008c) that denotes a repetitive behavior or 
recurrent structure.

Definition 28. The tailoring of concept c2 from 
the parent concept c1, denoted by , is a special 
inheritance that creates the new concept c2 
based on c1 with the removal of the subsets of 
objects O′ and attributes A′;  at the same time, 
it establishes new associations between the two 
concepts, see Box 3.    

Definition 29. The extension of concept c2 from 
the parent concept c1, denoted by , is a special 
inheritance that creates the new concept c2 based 
c1 with additional objects O′ and/or attributes 
A′, and establishes new associations between 
the two concepts, see Box 4. 

Definition 30. The substitute of concept c2 
from the parent concept c1, denoted by  , is a 
special inheritance that creates the new con-
cept c2 based on c1  by replacing the inherited 
subsets of objects O′c1 and attributes A′c1 with 
corresponding ones O′c2 and A′c2 that share the 

Figure 3. The compositional operations of concept algebra as concept manipulation rules

c1

O1

A1

R1

c2

O2

A2

R2

o21

A21R21

⇒
Inheritance

 Tailoring

 Extension

Substitute

   Composition

  Decomposition

Aggregation

Specification

Instantiation

+

⇒

⇒

⇒
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 {

1 1 1 1 1 1 2 2 2 2 2 2

2 2 2 2 2 2 2 1 2 1 2 2 2

2 1 1 2 2 1 2 1
' ' ' '

1 1 1 1 1 1 1 1 2 1 1 1 1 2

( , , , , ) ( , , , , )

( , , , , | , , ,

       ( , )}, {( , )})

 | | ( , , , , | {( , )}, {( , )})

c i o c i o

c i o c

i i o o

c i o i i o o

c O A R R R c O A R R R
c O A R R R O O A A R O A

R R c c R R c c
c O A R R R R R c c R R c c

⇒

= = = ×

= ∪ = ∪

= ∪ = ∪

 

								        (24)

Box 1.

  

    

 

1

1 1

1 11 1

' ' ' '

1

 ( , , , , )

( , , , , | , , ,

       { ( , )}, { ( , )})

 | | ( , , , , | {( , )}, {(

i i

i i

n
c i o

i
i

n n
c i o c

c c
i i

n nn n
i i o o

c i c i
i ii i

n
c i o i i o o

i i i i i i i i i i i i
i

c c O A R R R

c O A R R R O O A A R O A

R R c c R R c c

c O A R R R R R c c R R c

R

R R

R

=

= =

= == =

=

⇒

= = = ×

= ∪ = ∪

= ∪ = ∪

 
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Box 2.
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Box 3.
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Box 4.
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same identifiers but possess different objects or 
attributes;  at the same time, it establishes new 
associations between the two concepts, see Box 
5, where O′c1 ⊂ O1 ∧ O′c2 ⊂ O2 ∧ #O′c1 = #O′c2 
and A′c1 ⊂ A1 ∧ A′c2 ⊂ A2 ∧ #A′c1 = #A′c2.

Binary concept tailoring, extension, and 
substitution can be extended to corresponding 
n-nary operations, similar to that of inheritance 
as given in Definition 27.   

Definition 31. The composition of concept c 
from n subconcepts c1, c2, …, cn, denoted by , 
is an integration of them that creates the new 
super concept c via concept conjunction;  at 
the same time, it establishes new associations 
between them, see Box 6.

It is noteworthy that, according to the cal-
culus of incremental union  (Wang, 2006b, 

2008b), the composition operation as given in 
Definition 31 results in the generation of new 
internal relations, which do not belong to any 
of its subconcepts. This is the most important 
property of concept composition.

Corollary 1. The composition of multiple con-
cepts is an incremental union operation, where 
the newly generated internal relations ∆Rc can 
be determined as:

 

1

{( , ), ( , )}
n

c
i i

i

R c c c c
=

∆ =


		  (30)
    
A concept decomposition is an inverse 

operation of concept compositions.

Definition 32. The decomposition of concept c 
into n subconcepts c1, c2, …, cn, denoted by , 
is a partition of the superconcept into multiple 

1 2 1 2

1 1 1 1 1 1 2 2 2 2 2 2

2 2 2 2 2 2 2 1 2 1

2 2 2 2 1 1 2 2 1 2 1
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Box 5.
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Box 6.
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subconcepts; at the same time, it establishes new 
associations between them, see Box 7.    

As specified in Definition 32, the decom-
position operation results in the removal of all 
internal relations  

1

{( , ), ( , )}
n

c
i i

i

R c c c c
=

∆ =
  that are no 

longer belong to any of its subconcepts.    

Definition 33. The aggregation of concept c1 
from concept c2, denoted by , is a creation of 
c1 via abstraction of c2 with a reduced intension 
of more generic attributes; at the same time, 
it establishes new associations between them, 
see Box 8.    

Concept aggregation is also known as con-
cept generalization, abstraction, or elicitation. 
Binary aggregations can be extended to n-nary 
parallel or serial aggregations. 

Definition 34. The  parallel aggregation of a 
concept c from a set of n concepts c1, c2, …, 
cn, denoted by , is an aggregation of c with 
the elicitation of all concepts in the set, see 
Box 9. 

Based on Definition 34, a concept may 
be inductively generalized by a series of ag-
gregations with a smaller set of more abstract 
(super) attributes.

Definition 35. The serial aggregation of a 
concept c from a set of n concepts c1, c2, …, cn, 
denoted by , is an aggregation with a total 
order of a series of decreasing intensions of 
the concepts by more abstract and generic at-
tributes, see Box 10. 
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Box 7.
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Box 8.
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A concept specification is an inverse opera-
tion of concept aggregations.

 
Definition 36. The specification of concept 
c1 by concept c2, denoted by , is a deductive 
refinement of c1 by an increasing intension with 
more specific and precise attributes in c2;  at 
the same time, it establishes new associations 
between them, see Box 11.   

Binary specifications can be extended to 
n-nary parallel or serial aggregations. 

Definition 37. The parallel specification of con-
cept c by a set of n concepts c1, c2, …, cn, denoted 
by , is a specification of c with the elicitation 
of all concepts in the set, see Box 12.

Definition 38. The serial specification of con-
cept c by a set of concepts c1, c2, …, cn, denoted 
by , is a specification with a total order of a 
series of refinements by increasing intensions 
of the concepts with more specific and precise 
attributes, see Box 13.

    
The binary, parallel, and series specifica-

tions and aggregations of concepts provide a 
generic means for forming a hierarchical struc-
ture of concepts in knowledge engineering.   

Theorem 3. A totally ordered series of decreas-
ing intensions in a serial concept aggregation 
is reversely proportional to a totally ordered 
series of increasing extensions, i.e.:
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Box 9.
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Box 10.
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1 2 n

1 2 n 1 2 n
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   

 
				    (38)

Example 3. The relationships between series of 
specifications and aggregations on the concept 
animal can be described as follows:

( )
)

animal  mammal feline tiger
animal  mammal feline tiger

⇒
   (

where, according Theorem 3, it can be ob-
tained:

   
, andanimal mammal feline tiger

animal mammal feline tiger

A A A A

O O O O

⊂ ⊂ ⊂

⊃ ⊃ ⊃

1 1 1 1 1 1 2 2 2 2 2 2

2 2 2 2 2 2 2 1 2 1 2 2 2

2 1 1 2 2 1 1 2 2 1 2 1
' ' '

1 1 1 1 1 1 1 1 1

( , , , , )  ( , , , , )

( , , , , | , , ( )

        {( , ), ( , )}, {( , )}, {( , )})

 | | ( , , , , | {( , )},

c i o c i o

c i o c

i i o o

c i o i i o

c O A R R R c O A R R R
c O A R R R O O A A R O A

c c c c R R c c R R c c
c O A R R R R R c c R

⊂ ⊃ = × ∪

= ∪ = ∪

= ∪

 



'
1 1 1{( , )})oR c c= ∪

								        (35)

Box 11.
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Box 12.
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Box 13.
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The compositional operations of concepts 
formally defined so far are those among ab-
stract concepts. The remainder of this section 
describes a special compositional operation 
between a given concept and its objects.      

Definition 39. The instantiation of a concept c, 
denoted by , is an embodiment of its generic 
semantics onto a specific case or implementation 
known as an object o, see Box 14.

It is noteworthy that the output relation of 
an object is always empty (i.e., Ro

o ≡ ∅), which 
means that the object is an end product of a 
concept where there is no further deduction of 
meanings in the hierarchy of the inheritance 
chain.   

 
Definition 40. The multiple instantiation of a 
concept c onto n objects, denoted by , is a 
compound parallel instantiation that creates 
a set of new objects {o1, o2, …, on} based on 
c, and establishes new associations between 
them, see Box 15.    

CONCEPT ALGEBRA FOR 
KNOWLEDGE MANIPULATION
This section describes applications of concept 
algebra in the manipulation of abstract models of 
knowledge and the methodology for knowledge 
representation and manipulation.     

The Mathematical Model of 
Knowledge 
In cognitive informatics (Wang, 2002a, 2006a, 
2007e), particularly the OAR model (Wang, 
2007c; Wang & Wang, 2006) on internal 
knowledge representation in the brain, human 
knowledge is modeled as a concept network, 
where concept algebra is applied as a set of rules 
for knowledge composition in order to construct 
complex and dynamic concept networks.  

Definition 41. A generic knowledge K is an n-
nary relation ℜ among a set of n concepts and 
the entire set of concepts C, i.e.:

:  X i
i=1

K =   C Cℜ →
n

( ) 		  (41)
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Box 14.
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Box 15.
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c { , }


    .   

According to Definition 41, the most simple 
knowledge k is a binary relation ℜ between two 
concepts in C, i.e.:

:k =  C  C  C.ℜ × → 		  (42)

Definition 41 indicates that the compositional 
operations of concept algebra, •c, provide a set 
of coherent mathematical means and rules for 
knowledge manipulation. Because the relations 
between concepts are transitive, the generic to-
pology of knowledge is a hierarchical network as 
shown in Figures 2 and 3.       

Theorem 4. The generic topology of abstract 
knowledge systems K is a hierarchical concept 
network. 

Theorem 4 can be proved by the nine com-
positional rules in concept algebra, particularly 
the composition/decomposition and aggrega-
tion/specification operations, as defined in the 
previous section. 

Corollary 2. The property of the hierarchical 
knowledge architecture K in the form of concept 
networks is as follows:

a.	 Dynamic: The knowledge network may be 
updated dynamically along with information 
acquisition and learning without destructing 
the existing concept nodes and relational 
links.

b.	 Evolvable: The knowledge network may 
grow adaptively without changing the overall 
and existing structure of the hierarchical 
network.

The Hierarchical Model of Concept 
Networks
A concept network as a generic knowledge model 
has been widely studied in linguistics, computing, 
and cognitive informatics. The notion of the se-
mantic network model for knowledge representa-
tion is first proposed by Quillian in 1968 (Matlin, 
1998; Quillian, 1968; Reisberg, 2001), where the 

semantic memory is perceived as information 
represented in network structures with conceptual 
nodes and interrelations. The meaning of a given 
concept depends on other concepts to which it is 
connected in the network. The semantic network 
has been extended by a number of theories such 
as the hypothetical network (Colins & Loftus, 
1975), the adaptive control of thought - star 
(ADT*) model (Anderson, 1983, 1991). The latter 
proposes that all cognition processes in thought 
are controlled by unitary network models.

This subsection develops the concept network 
model based on concept algebra and Wang’s OAR 
model (Wang, 2007c; Wang & Wang, 2006) for 
knowledge representation, which treat a concept 
as a basic and adaptive unit for knowledge rep-
resentation and thinking.

Definition 42. A concept network CN is a hierar-
chical network of concepts interlinked by the set of 
nine composing rules ℜ concept algebra, i.e.:  

: X Xi j
i=1 j=1

CN =  C  Cℜ →
n n

				    (43)

Theorem 5. In a concept network CN, the ab-
stract levels of concepts c form a partial order 
of a series of superconcepts, i.e.:      

1 2 n ( c c c )c = ...∅ Ω      ...
				    (44)

where ∅ is the empty concept ∅ = (⊥, ⊥), and Ω 
the universal concept, Ω = (O, A).    

According to Theorem 5 and Definition 42, 
a hierarchical structure of concepts in a given se-
mantic environment Θ can be formally described 
by concept algebra. The algebraic relations and 
compositional operations of concept algebra 
enable the construction of hierarchical concept 
networks in a dynamic process. 

Example 4.  A concrete concept network, pen and 
printer, can be illustrated in Figure 4. The concept 
network may be dynamically extended along with 
the development of related knowledge such as to 
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extend it to a more abstract concept network of sta-
tionery. In Figure 4, concept c1(pen) may be formally 
described in concept algebra, see Box 16.

It is noteworthy that, according to Definition 
10, the intension of c1(pen) does not include the 
attribute a4, because it is not commonly shared 
by all objects of the given concept. However, A1* 
does include a4 in the closure of attributes of the 
given concept pen.     

     

Example 5.  An abstract concept network 
that is formed by the composition and aggrega-
tion of a set of related concepts c0 through c9, as 
well as objects o1 through o3, can be expressed in 
Figure 5.

A formal description corresponding to the 
above concept network can be carried out using 
concept algebra as given below:

1 1 1 1 1 1 1

1 11 12 13

1 1 2 3

1 1 2 3 4

( ) ( , , , , )
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∪
								        (45)

Box 16.
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Figure 4. A concrete concept network
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The case studies in Examples 4 and 5 
demonstrate that concept algebra and concept 
network are a generic and formal knowledge 
manipulation means that are capable to deal 
with complicated abstract or concrete knowl-
edge structures and their algebraic operations. 
Further, detailed concept operations of concept 
algebra may be extended into a set of inference 
processes, which can be formally described 
by RTPA (Wang, 2002b, 2003, 2006a, 2007b, 
2007d, 2008a, 2008d) as a set of behavioral 
processes. 

CONCLUSION
A new mathematical structure, known as con-
cept algebra, has been presented for abstract 
concepts and knowledge representation and 
manipulation. Concepts have been treated as 
the basic unit of cognition that carries certain 
meanings in almost all cognitive processes such 

as thinking, learning, reasoning, and system 
design. Abstract concepts have been formally 
modeled as a dynamic mathematical structure 
with internal attributes, objects, and their rela-
tions that possess the adaptive capability to 
grow in concept networks. The formal meth-
odology for manipulating knowledge has been 
developed using concept algebra and concept 
networks. A number of case studies have been 
used to demonstrate the expressive power of 
concept algebra in knowledge representation 
and manipulation. A wide range of applications 
of concept algebra has been identified for solv-
ing common problems in cognitive informat-
ics, logic, linguistics, psychology, knowledge 
engineering, data mining, software engineering, 
and intelligence science. One of the important 
applications of concept algebra is the formaliza-
tion of object-oriented methodologies and the 
development of a rigorous semantics of UML as 
an industrial OO design languages. Autonomic 
machine learning and searching engines can be 
developed on the basis of concept algebra.      
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