
20    Int’l Journal of Cognitive Informatics and Natural Intelligence, 2(2), 20-43, April-June 2008

Copyright © 2008, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global 
is prohibited.

Abstract

Systems are the most complicated entities and phenomena in abstract, physical, information, and so-
cial worlds across all science and engineering disciplines. System algebra is an abstract mathematical 
structure for the formal treatment of abstract and general systems as well as their algebraic relations, 
operations, and associative rules for composing and manipulating complex systems. This article presents 
a mathematical theory of system algebra and its applications in cognitive informatics, system engineering, 
software engineering, and cognitive informatics. A rigorous treatment of abstract systems is described, and 
the algebraic relations and compositional operations of abstract systems are analyzed. System algebra 
provides a denotational mathematical means that can be used to model, specify, and manipulate generic 
“to be” and “to have” type problems, particularly system architectures and high-level system designs, in 
computing, software engineering, system engineering, and cognitive informatics.
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INTRODUCTION
Systems are the most complicated entities and 
phenomena in abstract, physical, informa-
tion, and social worlds across all science and 
engineering disciplines. Systems are needed 
because the physical and/or cognitive power 
of an individual component or a person is not 
enough to carry out a work or solve a problem. 
System philosophy intends to treat everything as 
a system, and it perceives that a system always 
belongs to other super system(s) and contains 
more subsystems.         

The system concept can be traced back to 
the 17th century, when René Descartes (1596-

1650) noticed the interrelationships among 
scientific disciplines as a system. The general 
system notion was then proposed by Ludwig 
von Bertalanffy in the 1920s (von Bertalanffy, 
1952; Ellis & Fred, 1962). The theories of sys-
tem science have evolved from classic theories 
(Ashby, 1958, 1962; Ellis & Fred, 1962; Hey-
lighen, 1989; G. J. Klir, 1992; R. G. Klir, 1988; 
Rapoport, 1962) to contemporary theories in the 
mid-20th century, such as I. Prigogine’s dissipa-
tive structure theory (Prigogine et al., 1972), H. 
Haken’s synergetics (Haken, 1977), and Eigen’s 
hypercycle theory (Eigen & Schuster, 1979). 
Then, during the late part of the last century, 
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there are proposals of complex systems theories 
(G. J. Klir, 1992; Zadeh, 1973), fuzzy theories 
(Zadeh, 1965, 1973), and chaos theories (Ford, 
1986; Skarda & Freeman, 1987). 

System algebra is an abstract mathematical 
structure for the formal treatment of abstract 
and general systems as well as their algebraic 
relations, operations, and associative rules for 
composing and manipulating complex systems. 
System algebra (Wang, 2005, 2006a, 2006b, 
2007a, 2007c) presented in this article is the 
latest attempt to provide a formal and rigorous 
treatment of abstract systems and their proper-
ties. This article treats systems as a mathematic 
entity and it studies the generic rules and theories 
of abstract systems. A new mathematical struc-
ture of abstract systems as the most complicated 
mathematical entities beyond sets, functions, 
and processes is presented. Properties of abstract 
systems are modeled and analyzed. System 
algebra is introduced as a set of relational and 
compositional operations for manipulating 
abstract systems and their composing rules. 
The relational operations of system algebra 
are described encompassing independent, re-
lated, overlapped, equivalent, subsystem, and 
supersystem. The compositional operations 
of system algebra are explored encompassing 
inheritance, tailoring, extension, substitute, 
difference, composition, decomposition, ag-
gregation, and specification. A wide range of 
applications of system algebra are identified in 
cognitive informatics, system science, system 
engineering, computing, software engineering, 
and intelligent systems.    

THE ABSTRACT SYSTEM 
THEORY
This section demonstrates that systems may 
be treated rigorously as a new mathematical 
structure beyond conventional mathematical 
entities. Based on this view, the concept of 
abstract systems and their mathematical models 
are introduced. 

	
Definition 1. An abstract system is a collection 
of coherent and interactive entities that has 

stable functions and a clear boundary with the 
external environment.

An abstract system forms the generic model 
of various real-world systems and represents 
the most common characteristics and proper-
ties of them. 

Lemma 1. The generality principle of system 
abstraction states that a system can be repre-
sented as a whole in a given level k of reason-
ing, 1 ≤ k ≤ n, without knowing the details at 
levels below k.

Definition 2. Let  be a finite or infinite non-
empty set of components, and  a finite or 
infinite nonempty set of behaviors, then the 
universal system environment U is denoted as 
a triple, i.e.:         

( )  , ,
    =     |    |    |   → → → →

U   
        : 

				    (1)

where  is a set of relations between  and , 
and | demotes alternative relations.      

Abstract systems can be classified into 
two categories known as the closed and open 
systems. Most practical and useful systems 
in nature are open systems in which there are 
interactions between the system and its en-
vironment. However, in order to develop the 
theoretical framework of abstract systems, the 
closed systems in which there is no interaction 
with the external environment will be modeled 
first in the following subsection. 

         
The Mathematical Model of Closed 
Systems
The axiom of the abstract system theory is based 
on the Object-Attribute-Relation (OAR) model 
(Wang, 2007b, 2007d; Wang & Wang, 2006c), 
in which the architecture of a system object Os 
can be modeled by a set of attributes A and a set 
of binary relations R among A and Os, i.e.:

( ,  )  sO A R  			   (2)
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Encompassing both architectures and be-
haviors of a system on the basis of Equation 2, 
an abstract closed system without interactions 
with the environment can be formally described 
as follows. 

Definition 3. A closed system S  on U is a 4-
tuple, i.e.:

 ( ,  )S  C R, B, Ω 		  (3)

where 

•	 C is a nonempty set of components of the 
system, C = {c1, c2, …, cn} ⊆ Þ  U.

•	 R is a nonempty set of relations between 
pairs of the components in the system, R 
= {r1, r2, …, rm} ⊆ C × C.  

•	 B is a set of behaviors (or functions), B = 
{b1, b2, …, bp}⊆ Þ  U.

•	 Ω is a set of constraints on the memberships 
of components, the conditions of relations, 
and the scopes of behaviors, Ω = {ω1, ω2, 
…, ωq}.

According to Definition 3, a closed sys-
tem S  = (C, R, B, Ω) on U can be illustrated 
in Figure 1. 

It is noteworthy that system behaviors B 
is the most broad set of system actions imple-
mented or embodied on the given layout of the 
systems, including any kind of system functions, 
interactions, and communications. This is the 

major difference that distinguishes an abstract 
system from other mathematical structures 
such as a set, lattice, group, or concept (Wang, 
2008b). 

  
Lemma 2. A closed system S  = (C, R, B, Ω) 
is an asymmetric (directed) and reflective 
system because the relations R in it are 
constrained by the following rules:

a.	 Asymmetric:	
	 ∀a, b ∈ C ∧ a ≠ b ∧ r ∈ R, r(a, b)  
	 r(b, a)
					     (4)

b.	 Reflective:		
	 ∀c ∈ C, r(c, c) ∈ R				  

				    (5)

Corollary 1. The maximum number of 
binary relations nr between all pairs of the 
nc components in a closed system S  = (C, R, 
B, Ω) can be determined as follows:

2# #( )r cn R C C n

				    (6)

if all reflective self-relations are not considered, 
nr becomes the maximum number of binary rela-
tions of fully connected systems, n’r, i.e.:

      

Figure 1. The abstract model of a closed system

  R1 
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  S  
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  C1    B1 
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  C2    B2 

   Ω2 

   R2 
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' ' ( 1)r r c c cn n n n n 	 (7)

Example 1. According to Corollary 1, the 
creation of relations in a closed system 
is solely determined by the number of 
components possessed in the system. This 
property can be illustrated in Figure 2, 
where  denotes a system composition for 
both closed or open systems, which will be 
formally explained later. The relations of 
the three closed systems 1S , 2S , and S   are 
as follows, observing that all pairwise rela-
tions are asymmetric or different:

 



1 1 1

2 2 2
1 2

2

( ) 3 9; ( ) 2 4; 

( ) 5 25

r c r

r

n S n n S

n S

and



 

1 1 1

2

1

2

' ( ) 9 3 6; 

' ( ) 4 2 2; ' ( ) 25 5 20

r r c

r r

n S n n

n S n S    	

The Mathematical Model of Open 
Systems
Most practical systems in the real world are not 
closed. That is, they need to interact with exter-
nal world known as the environment Θ in order 
to exchange energy, matter, and/or information. 
Such systems are called “open systems.” Typical 
interactions between an open system and the 
environment are inputs and outputs.

Contrary to that the relations of a closed 
system are defined on the Cartesian product 
of internal components, the set of relations 
R of an open system needs to be extended to 
include both internal relations Rc and external 
(input/output) relations Ri and Ro, i.e.:

= { }c i oR R  R  R∪ ∪ 		  (8)

Definition 4. An open system S on U is a 7-
tuple, i.e.:

( ,  , ),  = { }
( ,  , )

c i o

c i o

S  C R, B, R R , R , R
= C R , R , R , B,  

Ω Θ

Ω Θ



				    (9)

where the extensions of entities beyond the 
closed system as given in Definition 3 are as 
follows:    

•	 Θ is the environment of S with a nonempty 
set of components CΘ outside C, i.e., Θ = 
CΘ  U.  

•	 Rc = C × C is a set of internal relations. 
•	 Ri ⊆ CΘ × C is a set of external input rela-

tions. 
•	 Ro ⊆ C × CΘ is a set of external output 

relations.        	

An open system S = (C, Rc, Ri, Ro, B, Ω, 
Θ) can be illustrated in Figure 3. 

Lemma 3. An open system S(C, Rc, Ri, Ro, B, 
Ω, Θ) on U is an asymmetric and reflective 

Figure 2. Creation of relations in open and closed systems
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system because its relations Rc, Ri, and Ro are 
constrained by the following rules:

a.	 Internally asymmetric: 
	 ∀a, b ∈ C ∧ a ≠ b ∧ r ∈ Rc, r(a,b) 
	  r(b,a)
					     (10)
b	 Externally asymmetric:	
	 ∀a ∈ C ∧ ∀x ∈ CΘ ∧ r ∈ Ri ∨ r ∈ Ro, r(x,a) 

 r(a,x)
					     (11)
c.	 Reflective: 				  

∀c ∈ C, r(c, c) ∈ Rc	
					     (12)

Corollary 2. The maximum number of binary 
relations nr and n’r in an open system S(C, Rc, 
Ri, Ro, B, Ω, Θ) is determined by the numbers 
of internal relations Rc as well as external rela-
tions Ri and Ro, i.e.: 

2

( ) # # #

2(   ) ( 2 )

c i o
r

c c c c c c

n S R R R

n n n n n n

				    (13)

' ( ) ( ) ( 2 )

( 2 1)
r r c c c c c

c c c

n S n S n n n n n

n n n





				    (14)

Example 2. According to Corollary 2, the cre-
ation of relations in an open system is solely 
determined by the number of components pos-
sessed in the system and its environment. This 
property can also be illustrated in Figure 2, 
where S1 is treated as the open system and S2 
as the environment Θ: 

  
( ) ( 2 )

3(3 2 2) 21
r c c cn S n n n



and

' ( ) ( )

21 3 18
r r cn S n S n

 
     
According to Corollaries 1 and 2, as well 

as Examples 1 and 2, it is apparent that either a 
closed or an open system may result in a huge 
number of relations nr and the exponential 
increases of complexity, when the number of 
components possessed in them is considerably 
large. Therefore, system algebra is introduced 
to formally and efficiently manipulate abstract 
and general systems.

Definition 5. A system algebra SA on a given 
universal system environment U is a triple, 
i.e.:

Figure 3. The abstract model of an open system
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r c

( ,  ,  ) =
 ({ ,  } , { ,  }, )c i o

SA  S O P
C R , R , R , B, 

Θ

• • Θ



				    (15)

where OP = {•r, •c}are the sets of relational 
and compositional operations on abstract 
systems.     

System algebra provides a denotational 
mathematical means for algebraic manipula-
tions of abstract systems. System algebra can be 
used to model, specify, and manipulate generic 
“to be” and “to have” type problems, particularly 
system architectures and high-level system 
designs, in computing, software engineering, 
system engineering, and cognitive informatics. 
The relational and compositional operations on 
abstract systems will be formally described in 
the following sections.          

PROPERTIES OF ABSTRACT 
SYSTEMS

Taxonomy of Systems
Systems as the most complex entities in the 
physical and abstract worlds may be classified 

into various categories according to the key 
characteristics of their components (C), rela-
tions (R), behaviors (B), constraints (Ω), and/or 
environments (Θ). A summary of the system 
taxonomy is shown in Table 1, according to 
Definitions 3 and 4.

Table 1 shows that all types of systems fit the 
unified framework of system taxonomy. There 
are hybrid systems that may fall in two or more 
categories, such as a dynamic nonlinear system 
and a discrete fuzzy social system. The types of 
systems may also classified by their magnitudes 
as described in the following subsection. 

Magnitude of Systems
Abstract and real-world systems may be very 
small or extremely large (Qian et al, 1990; 
Rosen, 1977). Therefore, a formal model of 
system magnitudes is needed to classify the 
size properties of systems and their relation-
ship with other basic system attributes. In order 
to derive such a model, a set of measures on 
system sizes, magnitudes, and complexities is 
introduced next.

  

No. System
Key Characteristics

Components (C) Relations (R) Behaviors (B) Environment (Θ)

1 Concrete Natural or real entities  

2 Abstract Mathematical or virtual 
entities  

3 Physical Natural entities

4 Social Humans

5 Finite #C ≠ ∞

6 Infinite #C = ∞

7 Closed Ri = ∅ ∧ Ro = ∅

8 Open Ri  ≠ ∅ ∧ Ro ≠ ∅

9 Static Invariable

10 Dynamic Variable

Table 1. Taxonomy of systems

continued on following page
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Definition 6. The size of a system Ss is the 
number of components encompassed in the 
system, i.e.:

#s cS C n 			   (16)
 

Definition 7. The magnitude of a system Ms is the 
number of asymmetric binary relations among 
the nc components of the system including the 
reflexive relations, i.e.:

2= # = #( )s r cM R n C C n

				    (17)

If all self-reflective relations are ruled out in nr, 
the pure number of binary relations M’s in the 
given system is determined as follows:      

  
2' - ( - 1)s s c c c c cM M n n n n n

				    (18)

Lemma 4. The pure number of binary relations 
M’s equals to exactly two times of the number of 
pairwise combinations among nc, i.e.:

 
 

2( - 1)
' ( - 1) 2 2

2 C
c

c c
s c c n

n n
M n n

				    (19)

where the factor 2 represents the asymmetric 
binary relation r, i.e., arb ≠ bra.  

The magnitude of a system determines its 
complexity. The complexities of systems can 
be classified based on if they are fully or par-
tially connected. The former is the theoretical 
upper-bound complexity of systems in which 
all components are potentially interconnected 
with each other in all n-nary ways, 1 ≤ n ≤ nc = 
#C. The latter is the more typical complexity of 
systems where components are only pairwisely 
connected.             

 

11 Linear Linear functions

12 Nonlinear Nonlinear functions

13 Continuous Continuous functions

14 Discrete Discrete functions

15 Precise Precise functions

16 Fuzzy Fuzzy functions

17 Determi-
nate

Response predictable to 
same stimulates   

18 Indetermi-
nate

Response unpredictable 
to same stimulates   

19 White-box Observable Transparent Fully observable

20 Black-box Unobservable Non-transparent Partially observable

21 Intelligent Autonomic Adaptive

22 Non-intel-
ligent Imperative Nonadaptive

23 Maintain-
able Fixable Recoverable

24 Non-main-
tainable Nonfixable Nonrecoverable

Table 1. continued
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Definition 8. The complexity of a fully connected 
system Cmax is a closure of all possible n-nary 
relations R*, 1 ≤ n ≤ nc, among all components 
of the given system nc = #C, i.e.:

2

*

0
1 1 1

2

2 2 2 2 2

C
r

r

r r c s

n
k

max n
k

n n n M

C R

				    (20)

where Cmax is also called the maximum complex-
ity of systems.

According to Definition 8, the closure of all 
possible n-nary relations R* may easily result 
in an extremely huge degree of complexity for 
a system with few components. For example, 
when nc = 10, Cmax = 2101. This explains why 
most of the real-world systems are really too 
hard to be modeled and handled in conventional 
models and techniques.

It is noteworthy that almost all functioning 
systems are partially connected, because a fully 
connected system may not represent or provide 
anything meaningful. Therefore, the complexity 
of partially connected systems can be simplified 
as follows on the basis of Definition 8.

Definition 9. The complexity of a partially 
connected system Cr is determined by the 
number of asymmetric binary relations M’s of 
the system, i.e.:

 
2

' 2 ( - 1)C
c

r s c cn
C M n n

				    (21)

where Cr can be referred to the relational com-
plexity of systems.

The extent of system magnitudes (Wang, 
2006d, 2007c) can be classified at seven levels 
known as the empty, small, medium, large, giant, 
immense, and infinite systems from the bottom 
up. A summary of the relationships between 
system magnitudes, sizes, internal relations, 
and complexities can be described in the system 
magnitude model, shown in Table 2.       

Table 2 indicates that the complexity of a 
small system may easily be out of control of 
human cognitive manageability. This leads to 
the following theorem.

Theorem 1. The holism complexity of systems 
states that within the 7-level scale of system 
magnitudes, known as the empty, small, medium, 

Table 2. The system magnitude model

Level Category

Size of 
systems

(Ss = nc)

Magnitude 
of systems

(Ms = nr = nc
2)

Relational complexity of 
systems

( ( - ))1r cC ncn

Maximum complexity 
of systems
(Cmax = 2

2 cn )

1 The empty 
system (O) 0 0 0                            -

2 Small system [1, 10] [1, 102] [0, 90] [2, 2100]

3 Medium 
system (10, 102] (102, 104] (90, 0.99 • 104] (2100, 210,000]

4 Large system (102, 103] (104, 106] (0.99 • 104, 0.999 • 106] ∞

5 Giant system (103, 104] (106, 108] (0.999 • 106, 0.9999 • 108] ∞

6 Immense 
system (104, 105] (108, 1010] (0.9999 • 108,  0.99999 •1010] ∞

7 The infinite 
system (U)            ∞               ∞                      ∞                     ∞
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large, giant, immense, and infinite systems, 
almost all systems are too complicated to be 
cognitively understood or mentally handled as 
a whole, except small systems or those that can 
be decomposed into small systems.

According to Theorem 1, the basic prin-
ciple for dealing with complicated systems is 
system decomposition or modularity, in which 
the complexity of a lower level subsystem must 
be small enough to be cognitively manageable. 
Details of system decomposition theories and 
the art of system architectures will be developed 
in the following sections.                     

RELATIONAL OPERATIONS ON 
SYSTEMS
The relational operations of abstract systems 
are static and comparative operations that do 
not change the systems involved. The relational 
operations on abstract systems are described 
below.

Lemma 5. The relational operations •r in system 
algebra encompasses 6 comparative opera-
tors for manipulating the algebraic relations 
between abstract systems, i.e.:  

r { }   		  (22)

where the relational operators stand for in-
dependent, related, overlapped, equivalent, 
subsystem, and supersystem, respectively.

Algebraic Relations of Closed 
Systems
Relationships between two closed systems can 
be independent, equivalent, being subsystem, 
and being super system. The four relational 
operations of closed systems are defined as 
follows.       

Definition 10. Two closed systems 1S  and 2S  
are independent, denoted by , if both their 
component sets and relation sets are disjoint, 
i.e.: 

  1 2( ,  )  ( , )1 1 1 1 2 2 2 2

1 2 1 2

S C R , B , S C R , B , 
C C R R

Ω Ω

∩ = ∅ ∧ ∩ = ∅



				    (23)

Definition 11. Two closed systems 1S  and 2S
are equivalent, denoted by =, if all sets of com-
ponents, relations, behaviors, and constraints 
are identical, i.e.: 

 ( ,  ) = ( , )
  

1 1 1 1 1 2 2 2 2 2

1 2 1 2 1 2 1 2

S C R , B , S C R , B , 
C C R R B B

Ω Ω

= ∧ = ∧ = ∧ Ω = Ω

				    (24)

Definition 12. A subsystem S ' is a system that 
is implicated in another system S , denoted by 
, i.e.:

  ( ,  )  ( , )
' ' ' '

S' C R, B,  S C R, B, 
C C R R B B

Ω Ω

⊆ ∧ ⊆ ∧ ⊆ ∧ Ω ⊆ Ω



	
				    (25)

The aforementioned definition indicates that 
a subsystem of a closed system is a coherent 
part with all integrated components, internal/
input/output relations, behaviors, constraints, 
and the environment.      

Definition 13. A supersystem S  is a system that 
consists of one or more subsystems S’, denoted 
by , i.e.:

  ( ,  )  ( ', ' ')
' ' ' '

S C R, B, S' C R', B , 
C C R R B B

Ω Ω

⊆ ∧ ⊆ ∧ ⊆ ∧ Ω ⊆ Ω



				    (26)

Algebraic Relations of Open
Systems
Relationships between two open systems can 
be independent, overlapped, related, equivalent, 
being subsystem, and being supersystem. The 
six compositional operations of open systems 
are defined as follows.

Definition 14. Two open systems S1 and S2 
are independent, denoted by , if both their 
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component sets and external relation sets are 
disjoint, i.e.: 

Ω ΘR ,
Ω ΘR ,  ( ,  ,  ) 

( ,  ,  )

c i o
1 1 1 1 1 1 1 1

c i o
2 2 2 2 2 2 2 2

i i
1 2 1 2

o o
1 2

S C  R , R , B , 
S C  R , R , B , 

C C R R
R R
∩ = ∅ ∧ ∩ =

∅ ∧ ∩ = ∅





				    (27)

Definition 15. Two open systems S1 and S2 are 
overlapped, denoted by Π, if their component 
sets are joint, i.e.: 

R ,
Ω ΘR ,

 

( ,  ,  ) 

( ,  ,  )

c i o
1 1 1 1 1 1 1 1

c i o
2 2 2 2 2 2 2 2

1 2

S C  R , R , B , 
S C  R , R , B , 

C C

∏

Ω Θ

∩ ≠ ∅

				    (28)

Definition 16. Two open systems S1 and S2 
are related, denoted by ↔, if either the sets 
of their input relations or output relations are 
overlapped, i.e.: 

Ω Θ

Ω Θ  

1 1

( ,  ,  ) 

( ,  ,  )

( ) ( )

c i o
1 1 1 1 1 1 1 1

c i o
2 2 2 2 2 2 2 2

i 0 i 0
1 2 2 1

S C R , R , R , B , 
S C R , R , R , B , 

R R R R- -

↔

∩ ≠ ∅ ∨ ∩ ≠ ∅

				    (29)

where (R0
1)

-1 or (R0
2)

-1 denotes an inverse 
relation, i.e., ∀a ∈ C1 ∧ b ∈ C2, r(a, b) ∈ R0

1 
⇒ r(b, a) ∈(Ri

2) = (R0
1)

-1.
   It is noteworthy that, by definition, there is 

no closed system that is related or overlapped. 

Definition 17. Two open systems S1 and S2 are 
equivalent, denoted by =, if all sets of compo-
nents, relations, behaviors, constraints, and 
environments are identical, i.e.: 

 ( ,  ,  )  =

( ,  ,  )

c i o
1 1 1 1 1 1 1 1

c i o
2 2 2 2 2 2 2 2

c c i i o
1 2 1 2 1 2 1

o
2 1 2 1 2 1 2

S C R , R , R , B , 
S C R , R , R , B , 
C C R = R R = R R =
R B = B = =

Ω Θ

Ω Θ

= ∧ ∧ ∧

∧ ∧ Ω Ω ∧ Θ Θ



				    (30)

Definition 18. A subsystem S’ is a system that 
is implicated in another system S, denoted by 
, i.e.:

 

'( ',  ' ',  ' ) 
( ,  ,  )
'

' '

c' i' o'

c i o

c' c i' i o'

o '

S C R , R , R , B , 
S C R , R , R , B, 
C C R R R R R

R B B =

Ω Θ

Ω Θ

⊆ ∧ ⊆ ∧ ⊆ ∧

⊆ ∧ ⊆ ∧ Ω ⊆ Ω ∧ Θ Θ





				    (31)

The above definition indicates that a sub-
system of an open system is a coherent part of 
it with all integrated components, internal/in-
put/output relations, behaviors, and constraints. 
However, they share the same environment.  

    
Definition 19. A supersystem S is a system that 
consists of one or more subsystems S’, denoted 
by , i.e.:

 ( ,  ,  ) 
'( ',  ' ',  ' )

'
' '

c i o

c' i' o'

c' c i' i o'

o '

S C R , R , R , B, 
S C R , R , R , B , 

C C R R R R R
R B B =

Ω Θ

Ω Θ

⊆ ∧ ⊆ ∧ ⊆ ∧

⊆ ∧ ⊆ ∧ Ω ⊆ Ω ∧ Θ Θ





				    (32)

Relations between Open and 
Closed Systems
Although, the previous subsections analyze the 
relations of closed and open systems separately, 
it is noteworthy that closed and open systems 
are transformable, when the environment of 
them is treated as a supersystem as well. This 
notion can be described in the following theo-
rem and corollaries on the basis of Definitions 
3 and 4.  

Theorem 2. The equivalence between open and 
closed systems states that an open system S is 
equivalent to a closed system S , or vice versa, 
when its environment ΘS or Θ

S   is conjoined, 
respectively, i.e.:





S

S

 = S

S =  

S

S




 			   (33)
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Theorem 2 can be proved by observing the 
embedded relation of close and open systems as 
illustrated in Figure 3. According to Theorem 2, 
the following properties of equivalence between 
closed and open systems can be derived.     

Corollary 3. Any subsystem 

kS  of a closed 
system S  is an open system, i.e.:

∀

kS ⊆ S  ⇒ Ri
k ≠ ∅ ∧ Ro

k ≠ ∅ ∧ Θk = Cs ≠ ∅
				    (34)

 
Corollary 4. Any supersystem S of a given set of 
n open systems Sk, conjoining with their environ-
ments Θk, 1 ≤ k ≤ n, is a closed systems, i.e.:   



i o
S S SR R 

1

, , ( )

 

n

k k k k
k

S S SR 

				    (35)

where  
1

n

k
k

SR
=

 is an operator known as the big-R 
notation (Wang, 2002, 2008a, 2008b, 2008c) 
that denotes a repetitive behavior or recurrent 
structure as defined in real-time process algebra 
(RTPA) (Wang, 2002, 2003, 2006a, 2006c, 
2007a, 2007c, 2008a, 2008d). 

 
COMPOSITIONAL 
OPERATIONS ON SYSTEMS
This section describes how abstract systems 
and their relations as modeled in previous 
sections may be manipulated by an algebraic 
system. The compositional operations of system 
algebra are dynamic and integrative operations 
that manipulate all systems involved in parallel. 
Compositional operations on abstract systems 
provide a set of fundamental mathematical 
means to construct complex systems on the 
basis of simple ones or to derive new systems 
on the basis of exiting ones.

Lemma 6. The compositional operations •c 
in system algebra encompasses 9 associative 
operators for manipulating the algebraic com-
positions among abstract systems, i.e.:  

c { , , }


    

				    (36)

where the compositional operators stand for 
system inheritance, tailoring, extension, sub-
stitute, difference, composition, decomposition, 
aggregation, and specification, respectively.

	
System Inheritance 

Definition 20. The inheritance of a closed 
system 

2S  from a given system 

1S , denoted 
by ⇒, is the creation of the new system 2S  by 
reproducing 1S , i.e.:    

 



1 1 1 1 1 2 2 2 2 2

2 2 2 2 2 2 1 2

1 2 1 2 1

( , , , ) ( , , , )

( , , , | ,

, , )

S C R B S C R B

S C R B C C R

R B B



 
				    (37)

where 1S  is called the parent system, 2S the 
child system.

Similarly, the inheritance of open systems 
can be defined as follows. 

Definition 21. The inheritance of an open system 
S2 from the parent system S1, denoted by ⇒, is 
the creation of the new system S2 by reproducing 
S1, and the establishment of new associations 
between them, see Box 1, where || denotes that 
an open system inheritance creates new associa-
tions between S1 and S2 in parallel via (Ro

1, R
i
2) 

and (Ro
2, R

i
1).

Definition 22. The multiple inheritance of an 
open system S from n parent systems S1, S2, …, 
Sn, denoted by ⇒, is an inheritance that creates 
the new system S via a set of n conjoint systems 
and establishes new associations among them, 
see Box 2.

System Tailoring 

Definition 23. The tailoring of a closed system 


2S  from the parent system 1S , denoted by , is 
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a special system inheritance that creates the 
new system 2S  based on  1S  with the removal of 
specific subsets of components C ′, behaviors 
B′, and constraints Ω′, see Box 3.

Similarly, the tailoring of open systems can 
be defined as follows. 

Definition 24. The tailoring of an open system 
S2 from the parent system S1, denoted by  , is a 
special system inheritance that creates the new 
system S2 based on S1 with the removal of specific 
subsets of components C ′, behaviors B′, and con-
straints Ω′; and at the same time, it establishes 
new associations between them, see Box 4.

System Extension

Definition 25. The extension of a closed system 


2S  from the parent system 1S , denoted by , 
is a special system inheritance that creates the 
new system 2S  based 1S  with additional subsets 
of components C′, behaviors B′, and constraints 
Ω′, see Box 5.

Similarly, the extension of open systems can 
be defined as follows. 

Definition 26. The extension of an open system 
S2 from the parent system S1, denoted by , is a 
special system inheritance that creates the new 
system S2 based S1 with additional subsets of com-
ponents C′, behaviors B′, and constraints Ω′; and 

c i o c i o

c i o c c

c i' o'

R , R , R , R , R , R ,

R , R , R , R R

R , R , R ,

  

1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 1 2 1

2 1 1 2 2 1 2 1

2 1 2 1 2 1

1 1 1 1 1 1 1

( , , , ) ( , , , )

( , , , | , ,

       { }, { },

       , , )

 | | ( , ,

i i o o

S C B S C B

S C B C C

R R C C R R C C

B B

S C B '
1 1 1 2 1

'
1 1 1 2 1 1 2

, ' | { },

       { }, ' )

i i

o o

R R C C

R R C C C

							       (38)

Box 1.
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n n n n
c i o c c i i
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ii i i

n n n nn
o o
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n
c i

i i i i
i
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=
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							       (39)

Box 2.
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 

 c c

R , R ,

R , R R 
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2 2 2 2 2 2 1 2 1 1

2 1 2 1

( , , )  ( , , )

( , , | \ ', \ { '}

      \ ', \ ')
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S C B C C C C C

B B B
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Box 3.
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1 1
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Box 4.
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 c c
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Box 5.

c i o c i o

c i o c c

R , R , R , R , R , R ,

R , R , R , R R

R

  

1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 1 2 1 1

2 1 1 2 2 1 2 1

2 1 2 1 2 1

1 1 1

( , , , )  ( , , , )

( , , , | ', { '}

       { }, { },

       ' , ', )

 | | ( ,

i i o o

S C B S C B

S C B C C C C C

R R C C R R C C

B B B

S C c i' o', R , R , '
1 1 1 1 1 1 1 2 1

'
1 1 1 2 1 1 2

, , ' | { },

       { }, ' )

i i

o o

B R R C C

R R C C C

							       (43)

Box 6.
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at the same time, it establishes new associations 
between the two systems, see Box 6.

System Substitution

Definition 27. The substitute of a closed system


2S  from the parent system 1S , denoted by  , is a 
flexible system inheritance that creates the new 
system 2S  based on 1S  with the new subsets of 
components C′c2, behaviors B′c2, and constraints 
Ω′c2 to replace the corresponding inherited ones 
C′c1, B′c1, and Ω′c2 that share the same identi-
fiers, see Box 7. Where C′S1 ⊂ C1 ∧ C′S2 ⊂ C2 
∧ #C′S1 = #C′S2; B′S1 ⊂ B1 ∧ B′S2 ⊂ B2 ∧ #B′S1 
= #B′S2; and Ω′S1 ⊂ Ω1 ∧ Ω′S2 ⊂ Ω2 ∧ #Ω′S1 = 
#Ω′S2. Similarly, the substitute of open systems 
can be defined as follows. 

Definition 28. The substitute of an open system 
S2 from the parent system S1, denoted by  , is a 
flexible system inheritance that creates the new 
system S2 based on S1 with the new subsets of 

components C′c2, behaviors B′c2, and constraints 
attributes Ω′c2 to replace the corresponding 
inherited ones C′c1, B′c1, and Ω′c2 that share 
the same identifiers; and at the same time, it 
establishes new associations between the two 
concepts, see Box 8. Where C′S1 ⊂ C1 ∧ C′S2 
⊂ C2 ∧ #C′S1 = #C′S2; B′S1 ⊂ B1 ∧ B′S2 ⊂ B2 ∧ 
#B′S1 = #B′S2; and Ω′S1 ⊂ Ω1 ∧ Ω′S2 ⊂ Ω2 ∧ 
#Ω′S1 = #Ω′S2.

Binary tailoring, extension, and substitu-
tion can also be extended to corresponding 
n-nary operations, similar to that of inheritance 
as given in Definitions 22.   

System Composition
As a preparation to describe the important 
property of system relations, the mathematical 
calculus of incremental union between sets of 
relations is introduced below (Wang, 2006c, 
2007c).      

 



1 2 1 2

1 2 1 2

1 1 1 1 1 2 2 2 2 2

2 2 2 2 2 2 1 2 1 1 1
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

  

							       (44)

Box 7.
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Box 8.
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Definition 29. An incremental union of two 
sets of relations R1 and R2, denoted by , are 
a union of R1 and R2 plus a newly generated 
incremental set of relations ∆R12, i.e.: 

   1 2 1 2 12R R R R R

				    (46)

w h e re   12 1 12 2R R R R ,  b u t 
12 1 2R R R .
	
The number of the incremental relations 

∆R12 generated in the incremental union can 
be determined as stated in the following theo-
rem. 

Theorem 3. The maximum number of newly 
gained relations ∆R12 obtained during the 
incremental union of two sets of relations is a 
product of the numbers of elements of the two 
sets #C1 and #C2, i.e.:



1 212 1 22(# # ) 2 )c cR C C n n

				    (47)

Proof: Because ∆R12 is the difference between 
the relations of the newly generated entire sys-
tem #R and those of the independent systems 
#R1 and #R2, according to Corollaries 1 and 
2, Theorem 3 is proved by the following infer-
ence process:   

1 2 1 2

1 1 2 2 1 2

1 2

12 1 2
2 2 2

2 2 2 2

= # (# +# )

( ) ( )

( 2 ) ( )

2

c c c c

c c c c c c

c c

R R R R

n n n n

n n n n n n

n n  
				    (48)

The incremental union of relations reveals 
an important property of systems, which in-
dicates that the merge of two systems results 
in new relations, behaviors, functions, and/or 
constraints that are not belong to any original 
individual subsystems. Theorem 3 can be used 
to predict the maximum numbers of newly es-
tablished relations, behaviors, and/or constraints 
in a composition of two systems. According to 
Theorem 3, the maximum incremental system 
gain equals to the number of by-directly inter-
connection between all components in both S1 
and S2, i.e., 2(#C1 • #C2).  

Definition 29 can be extended to n-nary 
incremental unions for multiple sets of rela-
tions.

Definition 30. The n-nary incremental union 
for multiple sets of relations,

 
1

n

i
i

R
=

 ,

is a series of cumulative binary incremental 
unions as in Box 9.       

Based on the calculus of incremental union 
of sets of relations, system compositions can 
be defined as follows.

Definition 31. The composition of two closed 
systems 1S  and 2S , denoted by , results in a 
super system S  that is formed by union of sets 
of components and environments, as well as 
incremental union of sets of relations, behaviors, 
and constraints, respectively, see Box 10.

 	
Theorem 4. The system fusion principle states 
that new relations ∆R12, new behaviors (func-
tions) ∆B12, and new constraints ∆Ω12, generated 
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1 1

1 2 12 3 2 '3 1',
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R
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= =

-
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Box 9.
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in system compositions are solely a property of 
the new super system S , but not belong to any 
of the independent subsystems, i.e.:

 

 12 12 1 12 2(  )R S R S R S  E E  E  
					     (51.a)

  

 12 12 1 12 2(  )B S B S B S  E E  E 
					     (51.b)

  

 12 12 1 12 2(  )S S S  E E  E 
					     (51.c)

where E denote a membership relation of a 
given set in a system. 

The discovery in Theorems 3 and 4 
reveal that the nature of system utilities can 
be rigorously explained as the newly gained 
relations ∆R12, as well as behaviors ∆B12 and 
constraints ∆Ω12, during the composition of two 
or more systems. The empirical awareness of 
this key system property has been intuitively 
or qualitatively described in the literature of 
system science (Ellis & Fred, 1962; G. J. Klir, 
1992). However, Theorems 3 and 4 are the first 
mathematical explanation of the mechanism 
of system gains during system compositions 
(Wang, 2006b, 2007c). 

More generally, Definition 31 and Theorem 
4 can be extended to open systems.

 
Definition 32. The composition of two open sys-
tems S1 and S2, denoted by , results in a super 
system S that is formed by simple conjunctions 

both of sets of components, as well as incremen-
tal unions of sets of relations, behaviors, and 
constraints, respectively, see Box 11. 

The operation of open system composition 
is illustrated in Figure 4, where the generation 
of the new relations ∆Rc

1 and ∆Rc
2 in S after the 

composition of S1 and S2 can be observed.
System compositions as modeled in Defi-

nitions 31 and 32 can be extended to n-nary 
compositions as follows.   

Definition 33. The composition of multiple open 
systems, denoted by 

1
 

n

i
i

S
=
 , 

is an iterative integration of a pair of systems, 
which cumulatively creates the new supersystem 
S, see Box 12.                                          

The composition of multiple closed systems 
is similar to Definition 33, which can be tailored 
from Equation 53. 

System composition at the top level is a 
complicated algebraic operation that integrates 
two or more systems into a supersystem with a 
hierarchical architecture. There are three basic 
types of system structural relations in system 
composition known as parallel (||), serial (→), 
and nested () as shown in Figure 5. Complex 
system compositions can be represented by a 
combination of these three meta-architectural 
relations between subsystems. The syntaxes 
and semantics of these three system relations in 

 
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1 1 1 1 1 2 2 2 2 2

1 2 1 2 1 2 1 2
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Box 10.
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Box 11.

Figure 4. The composition of two open systems
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system compositions can be referred to related 
definitions in RTPA (Wang, 2002, 2003, 2006c, 
2007c, 2008a, 2008d).

According to Definition 33, a system can be 
integrated from the bottom up by a series of com-
positions, level-by-level, in a system hierarchy.       

Example 3. A composed system S(C, R, B, Ω ,Θ) 
as given in Figure 6 can be formally described 
as follows:

( , , ) || || ... || 1 2 xS C R, B,   S S SΩ Θ 

in which the subsystems of S can be refined as 
in Box 13.

System Difference

Definition 34. The difference between a closed 
systems S  and its subsystem 1S , denoted by , 
results in a closed subsystem 2S  that is formed 

by the difference of sets of components (C1), and 
the differences of the internal relations, behaviors, 
and constraints (R1, B1, Ω1) with their incremental 
counterparts (∆R12, ∆B12, ∆Ω12), see Box 14.

According to Definition 34, a difference of a 
subsystem from a system  S , will result in the re-
moval of not only the given subsystem but also all 
interrelations and incremental behaviors between 
the subsystem and other subsystem in it. 

Similarly, the difference of open systems 
can be defined as follows. 

Definition 35. The difference between an open 
systems S and its subsystem S1, denoted by , 
results in an open subsystem S2 that is formed 
by the difference of sets of components and I/O 
relations (C1, R

i
1, R

o
1), and the differences of the 

internal relations, behaviors, and constraints (Rc
1, 

B1, Ω1) with their incremental counterparts (∆Rc
12, 

Figure 5. Basic types of system structural relations in system compositions

No. Type of composition Syntax Example

1 Parallel S1 || S2

S  S1 || S2 || … || Sn
 
 
 
             S1                                 S2                         …                           Sn 
 

2 Serial S1 → S2

S  S1 → S2 → … → Sn
 
 
             S1                                 S2                         …                           Sn 
 

3 Nested S1  S2

S  S1  S2  …  Sn
 
        …                                                    S1                                                   

 

 
            …                                            S2 
 
 
 
              …                                      Sn 

 

                      

                      … 

       

                 … 

 

            … 
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∆B12, ∆Ω12), see Box 15.

The operation of open system difference can 
also be illustrated by Figure 4, where S1 and all 
related I/O relations should be removed in the 
operation S2 = S  S1,. 

System Decomposition
A system decomposition is an inverse operation of 
system composition that breaks up a system into 
two or more subsystems. System decomposition 
can be described based on the concept of system 
difference, which is an inversed operation of the 

incremental union of sets. 

Definition 36. The decomposition of an open 
systems S, denoted by , is to break up S into 
two or more subsystems at a given level of the 
system hierarchy by one of the compositional 
relations Rc = {||, →, }, see Box16.
 	
As specified in Definition 36, the decomposition 
operation results in the removal of all internal 
relations ,1 ,c

ij i jR C C i j n∆ = × ≤ ≤  that are no 
longer belong to any of its subsystems.    

Similarly, the decomposition of a closed 

( , , ) || || ( || ... ||  )||  || 

( ,  , )

( ,  , ) 

1 1 1 1 1 1 11 12 13 111 11x 12 13

2 2 2 2 2 2 21 22

x x x x x x x1 x11

S C R , B ,   S S S S S S S

S C R , B ,   S S

S C R , B ,   S S

Ω Θ =

Ω Θ →

Ω Θ 







Box 13.

Figure 6. The hierarchical structure of system compositions
 

   S1    S2    Sx 

  S11   S12   S13   S21   S22 

   S 

   Sx1 

  Sx11     S111     S11x   … 

  … 

 



R, R ,

R ,

 1 1 1 1 1

2 2 2 2 2 2 1 2 1 12

2 1 12 2 1 12

( , , ) ( , , )

( , , | \ , \ ( ),

       \( ), \ ( ))

S C B S C B

S C B C C C R R R R

B B B B

							       (54)

Box 14.
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system into multiple subsystems can be defined 
as follows.    

Definition 37. The decomposition of a closed 
system S , denoted by , is to break up S  into 
two or more subsystems at a given level of the 
system hierarchy by one of the compositional 
relations Rc = {||, →, }, see Box17.

Definitions 36 and 37 indicate that either an 
open or a closed system can be resolved from the 
top down by a series of decompositions, level-
by-level, in the system hierarchy. It is noteworthy 
that both open and closed system decompositions 
result in a set of open subsystems.

System Aggregation 

Definition 38. The aggregation of a closed sys-
tem S  from a set of n peer systems S i, 1 ≤ i ≤ n, 
denoted by , is an aggregation of S  with the 
elicitation of interested subsets of components 

C’i, behaviors B’i, and constraints Ω’i, see Box 
18. Similarly, the aggregation of open systems 
can be defined as follows.    

Definition 39. The aggregation of an open system 
S from a set of n peer systems Si, 1 ≤ i ≤ n, denoted 
by , is an aggregation of S with the elicitation 
of interested subsets of components C’i, behaviors 
B’i, and constraints Ω’i; and at the same time, it 
establishes new associations among all aggre-
gated systems, see Box 19. System aggregation 
is also known as system elicitation. 

According to Definitions 32 and 39, the 
difference between system composition and 
aggregation is that the former constructs a new 
system by integrating a set of entire systems as 
subsystems while the latter constructs a new 
system by eliciting interested subsets of compo-
nents, behaviors, and/or constraints from a set of 
individual and independent systems. 

c i o c i o
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i i i o o o
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System Specification
A system specification is an inverse operation 
of system aggregation. System specification is 
usually operated in a series of refinements.    

 
Definition 40. The specification of a closed sys-

tem S 0 by a set of n refined systems S i, 1 ≤ i ≤ n, 
denoted by , is a specification of  S 0 with a total 
order of a series of refinements by increasingly 
specific and detailed components Ci, behaviors 
Bi, and constraints Ωi, see Box 20. 

Similarly, the specification of open systems 
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can be defined as follows.    

Definition 41. The specification of an open 
system S0 by a set of n refined systems Si, 1 
≤ i ≤ n, denoted by , is a specification of S0 
with a total order of a series of refinements by 
increasingly specific and detailed components 
Ci, behaviors Bi, and constraints Ωij; and at 
the same time, it establishes new associations 
among all refining systems, see Box 21.

System specification is a refinement process 
where more specific and detailed components, 
behaviors, and constraints are developed in a 
consistent and coherent top-down hierarchy. 
The major tasks of system specifications are 

system architecture (component) and behavior 
specifications, which can be further refined by 
the Component Logical Models (CLMs) and 
processes as provided in RTPA (Wang, 2002, 
2003, 2006a, 2006c, 2007c, 2008a, 2008d). 

CONCLUSION
A new mathematical structure of abstract sys-
tems has been presented as the most complicated 
mathematical entities beyond sets, functions, 
concepts, and processes. A formal and rigorous 
treatment of abstract systems as well as their 
taxonomy and properties has been described. 
System algebra has been introduced as a set 
of relational and compositional operations for 
manipulating abstract systems and their com-
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posing rules. The former have been elicited as 
the algebraic operations of independent, related, 
overlapped, equivalent, subsystem, and super-
system. The latter have been identified as the 
algebraic operations of inheritance, tailoring, 
extension, substitute, difference, composition, 
decomposition, aggregation, and specification. 
A wide range of applications of system algebra 
has been recognized in cognitive informatics, 
system science, system engineering, comput-
ing, and software engineering. System algebra 
has formed a fundamental theory for denoting 
the rigorous semantics of conventional object-
oriented design notations and methodologies 
such as UML in software and intelligent system 
engineering.
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