
64   Int. J. of Software Science and Computational Intelligence, 1(1), 64-86, January-March 2009

Copyright © 2009, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global
is prohibited.

Abstract

Granular computing studies a novel approach to computing system modeling and information processing. 
Although a rich set of work has advanced the understanding of granular computing in dealing with the “to 
be” and “to have” problems of systems, the “to do” aspect of system modeling and behavioral implemen-
tation has been relatively overlooked. On the basis of a recent development in denotational mathematics 
known as system algebra, this paper presents a system metaphor of granules and explores the theoretical 
and mathematical foundations of granular computing. An abstract system model of granules is proposed in 
this paper. Rigorous manipulations of granular systems in computing are modeled by system algebra. The 
properties of granular systems are analyzed, which helps to explain the magnitudes and complexities of 
granular systems. Formal representation of granular systems for computing is demonstrated by real-world 
case studies, where concrete granules and their algebraic operations are explained. 

Keywords:	 abstract systems; data granule; denotational mathematics; cognitive granule; computing 
granule; engineering applications; granules; granular computing; granular operations; 
granular systems; information granule; system algebra; system granule

INTRODUCTION

The term granule is originated from Latin 
granum, i.e., grain, to denote a small compact 
particle in physics and in the natural world. 
The taxonomy of granules in computing can 
be classified into the data granule, information 
granule, concept granule, computing granule, 

cognitive granule, and system granule (Zedeh, 
1979, 2003; Lin, 1998; Skowron and Stepa-
niuk, 2001; Yao, 2001, 2004a; Wang, 2007a, 
2008c). The study of granular computing as an 
emerging filed appeared in 1997 (Zadeh, 1997, 
1998; Lin, 1998). Granular computing may be 
viewed as an umbrella term covering theories, 
strategies, methodologies, techniques, tools, and 

On the System Algebra 
Foundations for Granular 

Computing
Yingxu Wang, University of Calgary, Canada

Lotfi A. Zadeh, University of California, Berkeley, USA

Yiyu Yao, University of Regina, Canada 



Int. J. of Software Science and Computational Intelligence, 1(1), 64-86, January-March 2009   65

Copyright © 2009, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global 
is prohibited.

systems that explore multilevel granularity in 
information processing, knowledge manipula-
tion, and problem solving (Yao, 2001, 2004a, 
2004b, 2005). 

The concept of granules in data and infor-
mation modeling and its fuzzy set treatment can 
be traced back to the work of L.A. Zedeh in 1979 
as given below (Zadeh, 1979, 2003).        

Definition  1.  The data granule g is a set with 
the elements x as a member of a fuzzy set G  to 
the degree of λ, 0 ≤ λ ≤ 1, i.e.:

{ | }g x x G U∈ ⊆ 		  (1)

where U is the universal discourse.
   
Many studies investigated into granular 

computing based on rough sets (Lin, Yao, and 
Zadeh, 2002). Pawlak (1998) studied knowl-
edge granularity using rough sets. Skowron 
and Stepaniuk (2001) proposed a rough set 
treatment of information granules. Polkowski 
and Skowron (1998) introduced the granular 
calculus. Lin (1998) studied relational granules. 
Pedrycz (2001) as well as Bargiela and Pedrycz 
(2002) suggested that granular computing may 
adopt a pyramid model toward various infor-
mation granulations. Yao developed a trarachic 
perspective on granular computing with the 
facets of philosophy, methodology, and com-
putational implementation (Yao, 2001, 2004a, 
2005), which explains the structures of granu-
lar computing by multiple levels and views. 
These studies have advanced the theories of 
granular computing in dealing with the aspects 
of system “to be” and “to have” problems, 
particularly system architectures and high-
level system conceptual designs in computing, 
software engineering, system engineering, and 
cognitive informatics. Wang initiated a set 
of denotational mathematics (Wang, 2002b, 
2007a, 2007c, 2007d, 2008a) known as concept 
algebra (Wang, 2008b), system algebra (Wang, 
2008c), and Real-Time Process Algebra (RTPA) 
(Wang, 2002a, 2003b, 2007a, 2008d), which 
were recognized as an expressive mathematical 

means for modeling and manipulating all types 
of granules in granular computing such as the 
computing, cognitive, concept, information, 
data granules, and knowledge granules.          

This article presents a new perspective on 
the system metaphor of granules and granular 
computing, which extends the conventional set 
metaphors (Zadeh, 1979; Klir, 1992; Wang, 
2007a). The following discusses the relation-
ships between granules/systems and granular 
computing/system algebra. It will demonstrate 
that systems may be treated rigorously as a new 
mathematical structure beyond conventional 
mathematical entities. Based on this view, the 
concept of granules and granular computing 
are discussed below. 

Definition 2. A computing granule, shortly a 
granule, is a basic mathematical structure that 
possesses a stable topology and at least a unit 
of computational capability or behavior. 

It is noteworthy that, comparing Definitions 
1 and 2, the computing granule is not a set, but 
an abstract system (Wang, 2008c) with both a 
given structure and a set of certain behaviors. 
The structural and functional models of a granule 
will be derived in the next section. 

Definition 3. Granularity in system design is 
the level of abstraction or the extent of details 
presented in a granule and its computational be-
haviors in a given level of system hierarchy.

Definition 4. Granulation in system design is 
a process to partite or decompose a computing 
system into its smallest components step-by-step 
in a given system hierarchy.  

    
Definition 5. Granulometric is a measurement 
of granularity of a computing system with a 
certain granulation.

Based on the taxonomy of granules and 
granulation, as well as their system metaphor, it 
is naturally perceived that computational behav-
iors and computing systems can be design and 
implemented by a set of granules and a process 
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of granulation. In this context, the concept of 
computing can be described as follows (Zedeh, 
2003; Wang, 2007a).         

Definition 6. Computing, in a narrow sense, is 
an application of computers to solve a given 
computational problem by imperative instruc-
tions; while in a broad sense, it is a process 
to implement the instructive intelligence by a 
system that transfers a set of given information 
or instructions into expected behaviors.

On the basis of Definitions 1 - 6, the con-
cept of granular computing can be derived as 
follows.       

Definition 7. Granular computing is a new 
computational methodology that models and 
implements computational structures and func-
tions by a granular system, where each granule 
in the system carries out a predefined function 
or behavior by interacting to other granules 
in the system.         

For instance, according to Definition 7, the 
Internet may be perceived as a granular system 
at a certain level of granularity, where each 
distributed computer in the web is a granule. In 
this Internet granular system, with an individual 
computer as a reference, a higher-level granular-
ity in the system can be a Local Area Network 
(LAN), and a lower level granularity can be one 
of the threads or processes executing on a certain 
granular machine. This is perfectly in-line with 
the system philosophy (Ellis and Fred, 1962; 
Klir, 1992; Wang, 2007a) and models defined 
in system algebra (Wang, 2007a, 2008c).          

 This article indicates that, although a 
rich set of literature on granular computing 
exists, the implications and rigorous models of 
granules and granular computing are yet to be 
systematically studied, particularly the design 
and implementation of fundamental computing 
behaviors via granular systems. A new approach 
is presented in this article with a system meta-
phor toward granules and the theoretical and 
mathematical foundations of granular comput-
ing on the basis of the recent development in 

denotational mathematics known as system 
algebra. The abstract system model of granules 
is investigated. Rigorous manipulations of 
granular systems in computing are modeled by 
system algebra, and the properties of granular 
systems are qualitatively and quantitatively 
analyzed. Formal representation and treatment 
of concrete granules are explained with case 
studies on real-world granular systems. This 
article may also be perceived as a paradigm 
that demonstrates the generality and expressive 
power of system algebra and the mathematical 
model of abstract systems.           

THE ABSTRACT SYSTEM 
MODEL OF GRANULES

In order to formally describe the system meta-
phor of granules and granular computing, the 
mathematical model of abstract systems and 
system algebra are introduced in this section. 
These preparations lead to the establishment 
of the mathematical models of granules in 
system algebra, which reveal the nature and 
fundamental mechanisms of granular systems 
and granular computing.

The Mathematical Model of 
Abstract Systems

Systems are the most complicated entities and 
phenomena in abstract, physical, information, 
and social worlds across all science and engi-
neering disciplines. The system concept can 
be traced back to the 17th Century when R. 
Descartes (1596-1650) noticed the interrelation-
ships among scientific disciplines as a system. 
Then, the general system notion was proposed 
by Ludwig von Bertalanffy in the 1920s (von 
Bertalanffy, 1952; Ellis and Fred, 1962). The 
theories of system science have evolved from 
classic theories (Ashby, 1958, 1962; Ellis and 
Fred, 1962; Rapoport, 1962; Heylighen, 1989; 
Klir, 1992;) to contemporary theories in the 
mid of the 20th century such as I. Prigogine’s 
dissipative structure theory (Prigogine et al., 
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1972), H. Haken’s synergetics (Haken, 1977), 
and M. Eigen’s hypercycle theory (Eigen 
and Schuster, 1979). Then, during late of the 
last century, there are proposals of complex 
systems theories (Zadeh, 1973; Klir, 1992), 
fuzzy theories (Zadeh, 1965, 1973), and chaos 
theories (Ford, 1986; Skarda and Freeman, 
1987). Yingxu Wang found that, because of 
their extremely wide and frequent usability, 
systems may be treated rigorously as a new 
mathematical structure beyond conventional 
mathematical entities known as the abstract 
systems (Wang, 2008c). Based on this view, the 
concept of abstract systems and their mathemati-
cal models are introduced below. 

	
Definition 8. An abstract system is a collection 
of coherent and interactive entities that has 
stable functions and a clear boundary with the 
external environment.

An abstract system forms the generic model 
of various real-world systems and represents the 
most common characteristics and properties of 
them. The granularity of granular computing 
can be explained by the following lemma in 
the abstract system theory.       

Lemma 1. The generality principle of system 
abstraction states that a system can be repre-
sented as a whole in a given level k of reason-
ing, 1 ≤ k ≤ n, without knowing the details at 
levels below k-1.

Definition 9. Let E be a finite nonempty set of 
entities, F a finite nonempty set of functions, VE 
a finite nonempty set of domains of E, and VF 
a finite nonempty set of domains of F, then the 
universal system U, which forms the discourse of 
abstract systems, is denoted as a 4-tuple, i.e.:         

( )E F  E, F, V ,VU 			   (2)

Abstract systems can be classified into 
two categories known as the closed and open 
systems. Most practical and useful systems 
in nature are open systems in which there are 
interactions between the system and its environ-

ment. That is, they need to interact with external 
world known as the environment in order to 
exchange energy, matter, and/or information. 
Such systems are called open systems. Typical 
interactions between an open system and the 
environment are inputs and outputs.

Definition 10. An open system S on U, S  U, 
is a 7-tuple, i.e.: 

( , , )c i oS  C R , R , R , B,  Ω Θ 	 (3)

where    

•	  denotes that a set or structure (tuple) 
is a substructure or derivation of another 
structure known.

•	 C is a finite nonempty set of components 
of system S, C⊆ ÞE U and C  S, where 
Þ denotes a power set. 

•	 Rc ⊆ C × C is a finite nonempty set of 
internal relations between pairs of the 
components C  S.  

•	 Ri ⊆ CΘ × C is a finite nonempty set of input 
relations, where CΘ is a finite nonempty set 
of external component, CΘ ⊆ ÞE  U and 
CΘ  S.

•	 Ro ⊆ C × CΘ is a finite nonempty set of 
output relations.

•	 B is a finite nonempty set of behaviors of 
C  S, B ⊆ ÞF  U and B  S.

•	 Ω is a finite nonempty set of constraints of 
C and B, Ω ⊆ ÞVE ∪ ÞVF   U and Ω S.

•	 Θ is the environment of S with a finite non-
empty set of external components outside 
S, i.e., Θ = CΘ ⊆ ÞE  U. and Θ = CΘ 
S.  

It will be demonstrated throughout this 
article that the abstract system is an ideal model 
for rigorously describing both the structures and 
behaviors of granules in granular computing.       

System Algebra

System algebra is an abstract mathematical 
structure for the formal treatment of abstract 
and general systems as well as their algebraic 
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relations, operations, and associative rules for 
composing and manipulating complex systems 
(Wang, 2007a, 2008c). 

Definition 11. A system algebra SA on a given 
universal system environment U is a triple, 
i.e.:

r c( ,  ,  ) = ({ , }, { , },  )c i oSA  S OP C R , R , R , B, Θ • • Θ

				    (4)

where OP = {•r, •c} are the sets of relational 
and compositional operations, respectively, 
on abstract systems as defined below (Wang, 
2008c).     

Definition 12. The relational operations •r in 
system algebra encompass 6 comparative op-
erators for manipulating the algebraic relations 
between abstract systems, i.e.:  

r { }   		  (5)

where the relational operators stand for in-
dependent, related, overlapped, equivalent, 
subsystem, and supersystem, respectively.

Definition 13. The compositional operations 
•c in system algebra encompass 9 associative 
operators for manipulating the algebraic com-
positions among abstract systems, i.e.:

  
c { , , }



    

				    (6)

where the compositional operators stand for 
system inheritance, tailoring, extension, sub-
stitute, difference, composition, decomposition, 
aggregation, and specification, respectively.

System algebra provides a denotational 
mathematical means for algebraic manipula-
tions of all forms of abstract systems. System 
algebra can be used to model, specify, and 
manipulate generic “to be” and “to have” type 
problems, particularly system architectures 
and high-level system designs, in computing, 

software engineering, system engineering, and 
cognitive informatics.

The Mathematical Model of 
Granules in System Algebra

It is recognized that any abstract or concrete 
granule can be formally modeled by abstract 
systems in system algebra. On the basis of Defi-
nition 10, an abstract granule can be formally 
described as follows.  

Definition 14. A computing granule G on U, G 

 U, is a 7-tuple, i.e.: 

( , )c i oG  S = C R , R , R , B,  Ω Θ 	 (7)

where    

•	 C is a finite nonempty set of cells of system 
S, C⊆ ÞE  U and C  S, where Þ denotes 
a power set. 

•	 Rc ⊆ C × C is a finite nonempty set of 
internal relations between pairs of the 
components C  S.  

•	 Ri ⊆ CΘ × C is a finite nonempty set of input 
relations, where CΘ is a finite nonempty set 
of external component, CΘ ⊆ ÞE  U and 
CΘ   S.

•	 Ro ⊆ C × CΘ is a finite nonempty set of 
output relations.

•	 B is a finite nonempty set of behaviors of 
C  S, B ⊆ ÞF  U and B  S.

•	 Ω is a finite nonempty set of constraints 
of C and B, Ω ⊆ ÞVE ∪ ÞVF   U and Ω  
S.

•	 Θ is the environment of S with a finite non-
empty set of external components outside 
S, i.e., Θ = CΘ ⊆ ÞE  U. and Θ = CΘ   
S.  

A granule as an abstract open system G(C, 
Rc, Ri, Ro, B, Ω, Θ) can be illustrated in Figure 
1. Based on the above generic structure of 
the abstract system model of granules, a set 
of relational and compositional operations on 
granular systems, OP = {•r, •c}, will be rigor-
ously defined in the next section. 

, 
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It is noteworthy that system behaviors B 
is the most broad set of system actions imple-
mented or embodied on the given layout of the 
system, including any kind of system functions, 
interactions, and communications. This is the 
major difference that distinguishes an abstract 
system from other static mathematical structures 
such as a set, lattice, group, or abstract concept 
(Wang, 2008b). With the structural layout of a 
granule as given in Definition 14, its functional 
model or its set of implemented behaviors can 
be described in RTPA (Wang, 2002a, 2003b, 
2006, 2007a, 2008d) as given below.  

     
Definition 15. The functional model of a granule 
in computing is equivalent to one of the 17 meta-
processes, P, as defined in RTPA, i.e.:

 P = {:=, , ⇒, ⇐, , , , |, |, @ , 
, ↑, ↓, !, , , §} 

				    (8)

where, the RTPA meta process notations stand 
for the processes of assignment, evaluation, ad-
dressing, memory allocation, memory release, 
read, write, input, output, timing, duration, 
increase, decrease, exception detection, skip, 
stop, and system, respectively.  	    

Definition 16. The software composing rules 
state that the RTPA process relation system, 

R, encompasses 17 fundamental algebraic 
and relational operations elicited from basic 
computing needs, i.e.:

R = {→, , |, |…|…, 
*R , R +

, 
iR , , , ||, 

∯, |||, », ,  t,  e,  i}
					     (9)

where, the RTPA relational process operators 
stand for those of sequence, jump, branch, 
switch, while-loop, repeat-loop, for-loop, re-
cursion, function call, parallel, concurrence, 
interleave, pipeline, interrupt, time-driven 
dispatch, event-driven dispatch, and interrupt-
driven dispatch (Wang, 2002a, 2003b, 2006, 
2007a, 2008d). 

Definition 17. In a larger scope, the functional 
model of a granule may be denoted as a cognitive 
granule, which possesses one of the 39 basic 
cognitive processes as identified in the Layered 
Reference Model of the Brain (LRMB).

According to the LRMB model (Wang et 
al., 2006; Wang and Wang, 2006), the 39 cogni-
tive processes can be categorized at the layers 
of sensation, memory, perception, action, meta 
cognitive function, and higher cognitive func-
tion, such as the memorization, comprehension, 
and learning processes.

Figure 1. The abstract model of a granule in granular computing
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Definition 18. A granular system SG is a compo-
sition of multiple granules in a system where all 
granules interact with each other for a common 
goal of system functionality.   

Properties of granular systems obey the 
generic properties of abstract systems, which 
will be described in the fourth section of the 
article.

    
MANIPULATION OF 
GRANULAR SYSTEMS BY 
SYSTEM ALGEBRA

With the formal model of abstract granules 
as given in Definition 14, granular systems 
can be modeled and implemented using a set 
of relational and compositional operations in 
system algebra as summarized in Definitions 
12 and 13, respectively.    

Algebraic Relations of Granules 
and Granular Systems

As summarized in Definition 12, relation-
ships between two granular systems can be 
independent, overlapped, related, equivalent, 
being subsystem, and being supersystem. 
The relational operations of granular systems 
are static and comparative operations that do 
not change the systems involved. These six 
relational operations on granular systems are 
described below.

Definition 19. Two granules G1 and G2 are in-
dependent, denoted by , if both their cell sets 
and external relation sets are disjoint, i.e.: 

				    (10)

Definition 20. Two granules G1 and G2 are 
overlapped, denoted by Π, if their cell sets are 
joint, i.e.: 

				    (11)

Definition 21. Two granules G1 and G2 are 
related, denoted by ↔, if either the sets of their 
input or output relations are overlapped, i.e.: 

				    (12)

where (R0
1)

-1 or (R0
2)

-1 denotes an inverse rela-
tion, i.e., ∀a ∈ C1 ∧ b ∈ C2, r(a, b) ∈ R0

1 ⇒ 
r(b, a) ∈(Ri

2) = (R0
1)

-1.
   

Definition 22. Two granules G1 and G2 are 
equivalent, denoted by =, if all sets of cells, 
relations, behaviors, constraints, and environ-
ments are identical, i.e.: 

				    (13)

Definition 23. A subgranule G’ is a subsystem 
that is implicated in another granule G, denoted 
by , i.e.:

				    (14)

, 
, 
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The above definition indicates that the 
subgranule of a given granule is a coherent 
part of the parent granule with all integrated 
cells, internal/input/output relations, behaviors, 
and constraints. However, they share the same 
environment.  

    
Definition 24. A supergranule G is a supersys-
tem that consists of one or more subgranules 
G’, denoted by , i.e.:

Ω Θ 

( , ,  ) 
'( ', ' ',  ' )

'
' '

c i o

c' i' o'

c' c i' i

o' o '

G C R , R , R , B, 
G C R , R , R , B , 

C C R R R R
R R B B =

Ω Θ

⊆ ∧ ⊆ ∧ ⊆ ∧

⊆ ∧ ⊆ ∧ Ω ⊆ Ω ∧ Θ Θ





				    (15)

Compositional Operations of 
Granular Systems

The compositional operations on granules in 
system algebra are dynamic and integrative 
operations that manipulate all granules involved 
in parallel. Compositional operations on gran-
ules provide a set of fundamental mathematical 
means to construct complex granular systems 
on the basis of simple ones or to derive new 
granular systems on the basis of exiting ones. 
The compositional operations on granules as 
summarized in Definition 13 can be classified 
into the operations of reproduction, composi-
tion, and integration. 

(1) Reproduction of Granular Systems

Reproduction operations on granules are a 
category of composition operations in system 
algebra. The reproduction operations of gran-
ules encompass the algebraic manipulations of 
inheritance, tailoring, extension, substitution, 
and instantiation.

Definition 25. The inheritance of a granule G1 
from the parent granule G, denoted by ⇒, is the 
creation of the new granule G1 by reproducing 
G, and the establishment of new associations 
between them,(see Box 1), where || denotes 
that a granular inheritance may create new 
associations between G1 and G in parallel via 

1 2 2 1( , ) and ( , ).o i o iR R R R

Definition 26. The multiple inheritance of a 
granule G from n parent granules G1, G2, …, Gn, 
denoted by ⇒, is an inheritance that creates the 
new granule G via a set of n conjoint granules 
and establishes new associations among them, 
see Box 2, where

 
1

n

i
i

RR
=

 

is a calculus known as the big-R notation (Wang, 
2002a, 2008e), which denotes a repetitive 
behavior or recurrent structure as defined in 
RTPA (Wang, 2007a, 2008d). 

							       (16)

Box 1.
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Definition 27. The tailoring of a granule G1 
from the parent granule G, denoted by , is a 
special granular inheritance that creates the 
new granule G1 based on G with the removal 
of specific subsets of cells C ′, behaviors B′, 
and constraints Ω′; and at the same time, it 
establishes new associations between them, 
see Box 3.

Definition 28. The extension of a granule G1 
from the parent granule G, denoted by , is 
a special granular inheritance that creates 
the new granule G1 based G with additional 
subsets of components C′, behaviors B′, and 
constraints Ω′; and at the same time, it es-
tablishes new associations between the two 
systems, see Box 4.

Definition 29. The substitute of a granule G1 
from the parent granule G, denoted by  , is a 
flexible granular inheritance that creates the 
new granule G1 based on G with the new subsets 
of cells C′G1, behaviors B′G1, and constraint 
attributes Ω′G1 to replace the corresponding 
inherited ones C′G, B′G, and Ω′G that share 
the same identifiers; and at the same time, it 
establishes new associations between the two 
concepts, see Box 5, where C′G1 ⊂ C1 ∧ C′G2 
⊂ C2 ∧ #C′G1 = #C′G2; B′G1 ⊂ B1 ∧ B′G2 ⊂ B2 ∧ 

#B′G1 = #B′G2; and Ω′G1 ⊂ Ω1 ∧ Ω′G2 ⊂ Ω2 ∧ 
#Ω′G1 = #Ω′G2.

The binary tailoring, extension, and sub-
stitution can also be extended to corresponding 
n-nary operations, similar to that of inheritance 
as given in Definitions 25.   

(2) Composition of Granular Systems

Composition operations on granules in system 
algebra encompass a pair of composition and 
decomposition operations, where decomposi-
tion is defined based on the operation of granule 
difference.

Definition 30. The composition of two granules 
G1 and G2, denoted by , results in a supergran-
ule G that is formed by the conjunction of both 
sets of cells and environment C1  C2 and Θ1  
Θ2, as well as incremental unions of all  sets  of  
relation Rc = R1

c  R2
c, Ri = R1

i  R2
i, Ro = R1

o  

R2
o, behaviors B = B1

  B2, and constraints Ω 
= Ω1

  Ω2, respectively, see Box 6, where the 
mathematical calculus of incremental union 
 between sets of relations may be referred to 
(Wang, 2007a).      

It is noteworthy that granule composi-
tions result in the incremental relations ∆R12, 

								        (17)

Box 2.
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							       (18)

Box 3.

Box 4.

							       (19)

Box 5.

behaviors (functions) ∆B12, and constraints 
∆Ω12, which are solely a property of the new 
supergranule G, but not belong to any of the 
independent subgranules, i.e.:

	 	 	 	 (22a)

				    (22b)

				    (22c)

where E denote a membership relation of a 
given set in a system. 

							       (20)
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The above discovery is known as the system 
fusion principle (Wang, 2008c), which reveal 
that the nature of granular system utilities can 
be rigorously explained as the newly gener-
ated relations ∆R12, as well as behaviors ∆B12 and 
constraints ∆Ω12, during the composition of two or 
more granules. The empirical awareness of this key 
system property has been intuitively or qualitatively 
described in the literature of system science (Ellis 
and Fred, 1962; Klir, 1992). However, the above 
system fusion principle provides the first math-
ematical explanation for the mechanism of system 
gains during granular system compositions. 

Granule compositions as modeled in Defini-
tion 30 can be extended to n-nary compositions 
as follows.   

Definition 31. The composition of multiple gran-
ules, denoted by

1
 

n

i
i

G
=
 , 

is an iterative integration of a pair of them, which 
cumulatively creates the new supergranules G, 
see Box 7.

According to Definitions 30 and 31, a 
granular system can be integrated from the 
bottom up by a series of compositions level-
by-level in a system hierarchy.       

Definition 32. The difference between a granule 
G and a subgranule of it G1, denoted by , re-
sults in another subgranule G2 that is formed by 
the difference of sets of cells and I/O relations 
(C1, R

i
1, R

o
1), and the differences of the internal 

relations, behaviors, and constraints (Rc
1, B1, 

Ω1) with their incremental counterparts (∆Rc
12, 

∆B12, ∆Ω12), see Box 8.

A granular system decomposition is an 
inverse operation of granule composition that 
breaks up a given granule into two or more 
subgranules. Granule decomposition can be 
described based on the concept of granule dif-
ference. The latter is an inversed operation of the 
incremental union of sets as given in Eq. 21. 

Definition 33. The decomposition of a granule 
G, denoted by , is to break up G into two or 
more subgranules at the same level of the sys-

							       (21)

Box 6.
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tem hierarchy lower than the current granule 
by a series of iterative difference operations, 
see Box 9.

As specified in Definition 33, the decom-
position operation results in the removal of all 
the incremental internal relations ∆ c

ijR  = Ci × 
Cj, 1 ≤ i, j ≤ n that are no longer belong to any 
of its subgranules.    

(3) Integration of Granular Systems

Integration operations on granules are a category 
of composition operations in system algebra. 
The integration operations of granules encom-
pass a pair of algebraic manipulations of gran-
ules known as aggregation and specification.

Definition 34. The aggregation of a granule 
G from a set of n peer granules Si, 1 ≤ i ≤ n, 

denoted by , is an aggregation of G with the 
elicitation of interested subsets of cells C’i, be-
haviors B’i, and constraints Ω’i; and at the same 
time, it establishes new associations among all 
aggregated granules, see Box 10.

Granule aggregation is also known as gran-
ule elicitation. According to Definitions 30 and 
34, the difference between granule composition 
and aggregation is that the former constructs a 
new granule by integrating a set of subgranules 
as a whole; while the latter constructs a new 
granule by eliciting interested subsets of cells, 
behaviors, and/or constraints from a set of in-
dividual and independent subgranules. 

A granule specification is an inverse opera-
tion of granule aggregation. A granular system 
specification is usually operated by a series of 
refinements.    

 

						      (23)

Box 7.

						      (24)

Box 8.
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						      (25)

Box 9.

						      (26)

Box 10.

Definition 35. The specification of a granule 
G by a set of n refined granules Gi, 1 ≤ i ≤ n, 
denoted by , is a specification of G with a total 
order of a series of refinements by increasingly 
specific and detailed cells Ci, behaviors Bi, 
and constraints Ωij; and at the same time, it 
establishes new associations among all refining 
systems, see Box 11.

Granule specification is a refinement pro-
cess where more specific and detailed cells, 
behaviors, and constraints are developed in a 
consistent and coherent top-down hierarchy. 
The major tasks of granule specifications are 
system architecture (component) and behavior 

specifications, which can be further refined by 
the Component Logical Models (CLMs) and 
processes as provided in RTPA (Wang, 2002a, 
2007a, 2008d). 

PROPERTIES OF GRANULAR 
SYSTEMS

Based on the abstract system models of gran-
ules and granular computing, the topological 
properties of granules and the granularity of 
granular systems can be rigorously analyzed 
in this section.  
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Topological Properties of Granular 
Systems

Theorem 1. A granule G(C, Rc, Ri, Ro, B, Ω, 
Θ) on U is an asymmetric and reflective system 
because its relations Rc, Ri, and Ro, are con-
strained by the following rules:

 (a) Internally asymmetric: 	
	 ∀a, b ∈ C ∧ a ≠ b ∧ r ∈ Rc, r(a,b)  

r(b,a) 
					     (28)

(b) Externally asymmetric:	
	 ∀a ∈ C ∧ ∀x ∈ CΘ ∧ r ∈ Ri ∨ r ∈ Ro, r(x,a) 

 r(a,x) 					   
				    (29)

(c) Reflective:
	 ∀c ∈ C, r(c, c) ∈ Rc				  

				    (30)

Corollary 1. The maximum number of binary 
relations nr in a granule G(C, Rc, Ri, Ro, B, Ω, 
Θ) is determined by the numbers of internal 
relations Rc as well as external relations Ri 
and Ro, i.e.: 

				    (31)

Corollary 2. If all reflective self-relations are 
not considered among each cells in a granule, 
then the maximum number of binary relations 
n’r is:

' ( ) ( ) ( 2 )

( 2 1)
r r c c c c c

c c c

n S n S n n n n n

n n n
Θ

Θ

= - = + -

= + -



  
				    (32)

According to Corollaries 1 and 2, it is 
apparent that a simple granule system may 
result in a huge number of relations nr and the 
exponential increases of complexity, when the 
number of cells possessed in it is considerably 
large. Therefore, system algebra is introduced to 
formally and efficiently manipulate the complex 
abstract and concrete granular systems.

Granularity of Granular Systems

The study on system magnitudes (Wang, 2007a) 
can be adopted to classify the size properties 
of granular systems and their relationship with 

							       (27)

Box 11.
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other basic system attributes. This results in a 
set of measures on the sizes, magnitudes, and 
complexities of granular systems as described 
below.

  
Definition 36. The size of a granule G, SG, 
is the number of cells encompassed in the 
granule, i.e.:

#G cS C n= = 			   (33)
 

Definition 37. The magnitude of a granule G, 
MG, is the number of asymmetric binary rela-
tions among the nc components of the granule 
including the reflexive relations, i.e.:

2= # = #( )G r cM R n C C n= × = 	 (34)

If all self-reflective relations are ruled out 
in nr, the pure number of binary relations M’G 
in the given granular system is determined as 
follows:      

  
2' - ( -1)G s c c c c cM M n n n n n= - = =

				    (35)

 Corollary 3. The pure number of binary rela-
tions M’G in a granule equals to exactly two 
times of the number of pairwise combinations 
among nc, i.e.:

 
 

2( -1)' ( -1) 2 2
2 C c

c c
G c c n

n nM n n= = • = •

				    (36)

where the factor 2 represents the asymmetric 
binary relation r among all cells in the granule, 
i.e., arb ≠ bra.  

The magnitude of a granule determines 
its complexity. The complicities of a granular 
system can be classified based on if they are 
fully or partially connected. The former is the 
theoretical upper-bound complexity of a granule 
in which all cells are potentially interconnected 
with each other in all n-nary ways, 1 ≤ n ≤ nc = 
#C. The latter is the more typical complexity 

of a granule where cells are only pairwisely 
connected.             

 
Definition 38. The complexity of a fully con-
nected granular system Cmax is a closure of 
all possible n-nary relations R*, 1 ≤ n ≤ nc, 
among all components of the given granule nc 
= #C, i.e.:

2

*

0

1 1 1

2 2 2

2 2 2

C
r

r

r

r c G

n
k n

max n
k

n n M

C R
=

+ + +

•= = ≈

= = =

∑

				    (37)

where Cmax is also called the maximum complex-
ity of a granular system.

According to Definition 38, the closure of 
all possible n-nary relations R* may easily result 
in an extremely huge degree of complexity for 
a granule system with a few cells. For example, 
when nc = 10, Cmax = 2101. This indicates that a 
granular system would be too hard to be mod-
eled and handled by conventional modeling 
techniques.

It is noteworthy that almost all functioning 
systems are partially connected, because a fully 
connected system may not represent or provide 
anything meaningful. Therefore, the complexity 
of partially connected systems can be simplified 
as follows on the basis of Definition 38.

Definition 39. The complexity of a partially 
connected granular system Cr is determined by 
the number of asymmetric binary relations M’G 
of the given granule, i.e.:

 
2' 2 ( -1)C c

r G c cnC M n n= = • = 	 (38)

where Cr can be referred to be the relational 
complexity of a granular system.

It is recognized that the extent of granule 
magnitudes can be classified at seven levels 
known as the empty, small, medium, large, gi-
ant, immense, and infinite granule systems from 
the bottom up. A summary of the relationships 
between granule magnitudes, sizes, internal 
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relations, and complexities can be described in the 
granule magnitude model as shown in Table 1.

Table 1 indicates that the complexity of a 
small granule system may easily be out of control 
of human cognitive manageability. This leads to 
the following principle.

Theorem 2. The holism complexity of granular 
systems states that within the 7-level scale of the 
granule magnitude model, almost all granular 
systems are too complicated to be cognitively 
understood or mentally handled as a whole, ex-
cept small granule systems or those that can be 
decomposed into small granule systems.

According to Theorem 2, the basic principle 
for dealing with complicated granular systems is 
system decomposition or modularity, in which the 
complexity of a lower-level granule must be small 
enough to be cognitively manageable. Details of 
granular system decomposition methods have 
been provided in Definition 33.

REPRESENTATION OF 
GRANULAR SYSTEMS  

The abstract system model of granules and granu-
lar computing, developed in preceding sections 

enable the formal representation of both abstract 
and concrete granular systems. A case study on 
a digital clock is presented in this section to 
demonstrate the representation of computing 
granules and granular systems, as well as the 
expressive power of the abstract system models 
of granules and system algebra.            

 
Concrete Models of Granules in 
Granular Computing

Two concrete real-world granular systems in 
granular computing, the Clock and Alarm, are 
described below for illustrating how the generic 
abstract granule models and their algebraic 
operations may be applied in granule-based 
system design and modeling based on system 
algebra.      

 
Example 1. A digital clock, Clock, can be 
described as a granule, or a granular system, 
G1, as follows:

Clock  G1(C1, R
c
1, R

i
1, R

o
1, B1, Ω1, Θ1)

				    (39)

where the configuration of the Clock granule 
is given in Figure 2.  

Level Category

Size of 
granule

(Ss = nc)

Magnitude 
of granule

(Ms = nr = 
nc

2)

Relational complexity 
of granule

( ( - ))= 1r cC ncn

Maximum 
complexity 
of granule

(Cmax = 2
2 cn )

1 The empty granule (O)             0               0                              0                     
       -

2 Small granule [1, 10] [1, 102] [0, 90] [2, 2100]

3 Medium granule (10, 102] (102, 104]                (90, 0.99 • 104] (2100, 210,000]

4 Large granule (102, 103] (104, 106] (0.99 • 104, 0.999 • 106] ∞

5 Giant granule (103, 104] (106, 108] (0.999 • 106, 0.9999 • 108] ∞

6 Immense granule (104, 105] (108, 1010] (0.9999 • 108,  0.99999 •1010] ∞

7 The infinite granule (U)            ∞               ∞                      ∞                     ∞

Table 1. The magnitude model of abstract granular systems
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In Figure 2, the behaviors of the clock 
granule defined in B1 can be further refined by 
a set of processes in RTPA.    

Example 2. The alarm subsystem for the digi-
tal clock, Alarm, can be described as another 
granule G2 as follows:

Alarm  G2(C2, R
c
2, R

i
2, R

o
2, B2, Ω2, Θ2)

				    (40)

where the configuration of the Alarm granule 
is given in Figure 3.  

In Figure 3, the behaviors of the alarm 
granule defined in B2 can be further refined by 
a set of processes in RTPA.

Granular System Composition in 
Granular Computing

The composition of two concrete granules in 
real-world system design for granular com-

puting are described below, which illustrates 
how the generic abstract granule composition 
operation may be implemented in real-world 
granule-based system design and modeling.

Example 3. According to Definition 30, the 
composition of the two granules G1(Clock) and 
G2(Alarm) as given in Examples 1 and 2 results 
in a new supergranule G(Alarm_Clock) as 
shown in Box 12, where the configuration of the 
Alarm_Clock granule is given in Figure 4.  

Note that the newly generated relations 
Select(Clock, Alarm), as well as the new behav-
iors SelectClock and SelectAlarm in the granule 
system G(Alarm_Clock) are the results of the 
incremental unions of systems as defined in 
Eq. 21. Therefore, they do not belong to either 
subgranule G1(Clock) or G2(Alarm) rather 
than purely the properties of the supergranule 
G(Alarm_Clock).   

Figure 2. The Clock granule
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Figure 3. The Alarm granule

							       (41)

Box 12.

Granular System Decomposition 
in Granular Computing

The decomposition of a concrete granule in 
real-world system design for granular comput-
ing is described below, which illustrates how 
the generic abstract granule decomposition 

operation may be implemented in real-world 
granule-based system design and modeling.   

   
Example 4. According to Definition 33, the de-
composition of a supergranule G(AlarmClock) 
may result in two new subgranules G1(Clock) 
and G2(Alarm) as shown in Box 13, where the 



82   Int. J. of Software Science and Computational Intelligence, 1(1), 64-86, January-March 2009

Copyright © 2009, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global
is prohibited.

Figure 4. The Alarm_Clock granule: 1 2( , , , )c i oG C R , R , R ,B G GΩ Θ  

							       (41)

Box 13.
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Figure 5. The Clock granule as a result of decomposition

configuration of the Clock granule, G1(Clock), 
is given in Figure 5.  

Granule G2(Alarm) can be derived simi-
larly as shown in Figure 5, which results in 

the second subgranule exactly as that given in 
Eq. 40 and Figure 3. Note that within the given 
supergranule G, because there is an overlap 
between the two subgranules G1 and G2, the dif-
ference operation for decomposition may only 
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remove the disjoint subset C′
2, R

c’
2, and Θ′

2 from 
G. It is also noteworthy that the loss of ∆R12 = 
Select (Clock, Alarm) and ∆B12 = {SelectClock, 
SelectAlarm} during the operation of granular 
system decomposition.       

CONCLUSION

A new approach to rigorously construct the 
theoretical foundations of granular computing 
has been introduced on the basis of the recent 
development in denotational mathematics 
known as system algebra. The abstract system 
model of granules has been developed. The 
rigorous treatment of granular systems in com-
puting has been studied using system algebra. 
The properties of granular systems and system 
granularity have been formally analyzed. Case 
studies on concrete granules and real-world 
granule-based systems have been presented. 
A wide range of applications on the system 
algebra theory of granular computing have been 
identified in computing, software engineering, 
system engineering, cognitive informatics, and 
computational intelligence.

This paper has presented a paradigm that 
demonstrates the generality and expressive 
power of system algebra and the generic abstract 
systems. System algebra has been introduced as 
a set of relational and compositional operations 
for manipulating abstract systems and their com-
posing rules. The former have been elicited as 
the algebraic operations of independent, related, 
overlapped, equivalent, subsystem, and super-
system. The latter have been identified as the 
algebraic operations of inheritance, tailoring, 
extension, substitute, difference, composition, 
decomposition, aggregation, and specification. 
The rigorous treatment of the granular comput-
ing paradigm by system algebra has established 
a solid foundation for granular computing and 
granule-based systems modeling.
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