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Abstract

A new model of a multi-level combinational
Multiple- Valued Logic (MVL) circuit with no feedback
and no learning is introduced. This model includes
Neuron-Like Gates (NLGs), each represents a level of
the MVL circuit, so that the number of NLGs in the
corresponding Neural-Like Network (NLN) is equal to
the number of levels in the circuit. The formal de-
scription of an NLG is a Linear Arithmetic Expression
(LAR) that is directly mapped to the Linear word-level
Decision Diagram (LDD) planar by its nature. Thus,
an l-level MVL circuit is described by a set of | LDDs.
The experiments on simulation of large MVL circuits
show that the LDD format of an MVL circuit consumes
5-20 times less memory than EDIF and ISCAS for-
mats. The proposed technique allows to simulate an ar-
bitrary MVL circuit by an NLN and corresponding set
of LDDs. In particular, we successfully simulated an
NLN with about 250 NLGSs corresponding to an MVL
circuit with more than 8000 ternary gates that has been
impossible by any recently reported threshold gate-based
network.

1 Introduction

For many years, logic circuit design based on
Threshold Gates (TGs) - feedforward networks
with TGs and no learning - has been considered
as an alternative to the traditional logic gate design
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procedure [6]. Recently, the interest in study of TG-
based computing of logic functions has resurged, since
the advances in VLSI technology have made possible
the implementation of a massively interconnected net-
work of the TGs [11]. Formally, a TG is described by a
threshold decision (linearly separable) functions. This
principle is general itself, so the simple logic gates, such
as AND and OR gates, are special cases of the TG.
The power of the TG design style lies in the intrin-
sic complex functions implemented by such the gates,
which allow implementations with less TGs or gate lev-
els than design with standard logic gates. In particu-
lar, multiple-addition, multiplication, division or sort-
ing can be implemented by polynomial-size TG circuits
of small depth.

It was reported in many papers that it is possible
to realize TGs in silicon having area and time
performances comparable with classical logic
gates, and foresee the VLSI implementation of larger
NNs [8, 11]. This is one of the motivation of our inter-
est. We refer the previously obtained results on MVL
NNs as follows. A Multiple-Valued TG (MV-TG) and
MV NN have been introduced in [9] and MVL NN to
represent logic knowledge has been reported in [10]. In
[2] an MV NN based minimizer of MVL functions has
been proposed. Unfortunately, these implementations
of the TG and MV-TG networks are limited in the size
of modeled logic functions and circuits (about a dozen
inputs). This is the second motivation to develop new
models of MVL networks.

While NN based computation of logic functions is
the focus of many researches, the decision diagram rep-
resentation of TG networks are far from being under-
stood. Our idea is to apply word-level description (ex-



pressions and decision diagrams) of logic function to
represent NLGs whose parameters (weights, threshold)
are word-level. We found that the boundary case,
LDDs, meets the number of requirements to model
the circuit implemented on deep sub-micron techno-
logy where the wiring delay, communication complex-
ity, crosstalk may be critical. Note, that LDDs are
planar by their nature, that (planarity) of DDs [7] is
an important factor for the VLSI technology.

2 Basic definitions

Our study has been stimulated by the ideas of com-
putation of logic functions on MV-TG [2, 9, 10].

Definition 1. [9]: An MV-TG is a unit with n
MVL inputs (variables) x; € {0,1,2,...,m — 1}, i =
1,2,...,n, and the output

_[LifL>0 o~
f—{OZngov L—;wzxz 0, (1)
wy, Wa, ..., Wy, (weights) and 0 (threshold) are real
numbers.

Below we specify our model of computation of an
MVL function.

Definition 2. An NLG is an (n + 1)-input single-

output processing element that implements the function

D =" dix; + do, (2)

i=1

f=g8{D},

., dy, are integer numbers (weights), dg is
the bias, and ¢ is a masking operator (defined below).

where dy, ..

We call expression (2) a word-level model of
NLG. The expression of the D in (2) is a Linear Arith-
metic expression (LAR), i.e. an arithmetical expression
that does not include any product of variables.

In our model, a threshold of the word-level notation
be a masking operator.

Definition 3. The masking operator is an operator
to extract the £-th digit, £ € {0,...,k}, of an m-valued
representation of the number A = mFay, +m* tai_, +
...+m5a5+...—|—m0ao,

26{A} = L%J mod m = ag. (3)

For instance, given A = 7, £ = 2 and m = 2, we

obtain as = LQ%J mod 2 = 1.

Definition 4. The NLN is a model of a multi-level
combinational MVL network with no feedback and
no learning.

We will show below that the initial MVL circuit is
mapped into the NLN directly, level by level. In tradi-
tional methods, every gate of a circuit is mapped to a
MV TG or to a set of MV TGs.

3 Task formulation and the strategy to
solve the problem

Given an arbitrary combinational MVL circuit,

Find an alternative to MV-TG representation of
combinational MVL circuit.

Strategy. At the first phase we represented every
MVL gate (from the library of gates) by a LAR. This
LAR is a formal description of the NLG. Then, every
level of the circuit is described by a LAR that is the
weighted sum of the LAR of the gates. This is a more
powerful gate that includes a number of simple NLGs.
In this way we represent the circuit by a set of LARs,
as every LAR corresponds to an NLG. At the second
phase we mapped every LAR (NLG) into an LDD, so
the circuit is represented by a set of LDDs. We utilize
the state-of-the-art DD technique, word-level DDs and
Zero-Suppressed DDs. The LARs and LDDs are the
equivalent word-level models of the NLG.

Comments. There are two main difficulties to re-
alize this strategy: (i) the well-known fact that the
values of weights in LAR are of O(m™), i.e. for real
circuits these values are astronomical; (ii) a problem
of connection of a set of LDDs representing a given
multi-level circuit.

4 NLG design

We utilize the beneficial idea by [1] and its further
development [12] to build LAR model of NLG. Note,
in [4] there were introduced fundamental results on lin-
earization of ARs of Boolean functions.

Let us partition the truth column vector X of an
n-variable m-valued function f into 7 = [m™/(n + 1)]
parts, where [a] is the nearest integer number greater
than a. The order of partition is fixed (with respect to
assignments of variables). Let us call p-th part of X
the sub vector (function) X,, p=0,1,...,7 — 1.
The index p of the X, that contains a given i-th ele-
ment of the truth table X is equal to p = [i/(n +1)],
where |a| is the nearest integer number lower than
a. In particular, X for an arbitrary 3-input gate in-
cludes 3% = 27 elements and can be partitioned into



T =1[3%/(3+1)] = [27/4] = [6.7] = T sub-vectors
Xo0,X1,...,Xg. The i-th element (i = 20) of the X is
located in the sub-vector X5, since p = [20/(3+1)] =
o.

Table 1. LAR model to implement the ternary
MAX (x1,z2) gate

Function MAX LAR model
T1T2 X XH xgxs PM LAR
23 23 23
00 0 0 00 0
01 1 X =415 01 Py = 415 = 2§ + 22%
02 2 2 10 2
23 23
10 1 00 1
11 1 X, =415 01 P; =405 =1+
12 2 2 10 1
23 23
20 9 2 00 2
21 2 X, =425 01 P, =405=2
22 9 2 10 0

Example 1. Let us find a LAR to describe the ternary
MAX (x1,z2) gate with truth vector X (Table 1). After
partitioning of a column-truth vector into three sub-
vectors X, p=0,1,2, where 7 = [32/(24+1)] = 3, we
calculate a set of LARs. The so-called truth-matriz is
derived from X,, as follows

2
2

X = [X2|X1|Xo] =4 2 1
2 2

[ ]

4)

N = O

Then, the matriz can be transformed into the truth
vector X° by multiplying it by a weight vector W =
[32 31 39T, i.e.

X°:XW:[§ : ?Hiﬁ}:[ié]. (5)

2 2 2 30 26

Lemma 1. The sub-function X, p = 0,1,...,7 —
1, corresponds to a LAR P,, of n binary variables
x9,x3,...,x5 (called pseudo wvariables), where at
most one variable takes the value 1.

Table 1 shows the encoding and decoding rules that
follow from the above Lemma 1. The relationship be-
tween sub-vector X, and the LAR coefficient vector
P, is specified by the pair of arithmetic transforms

P,=K X, X,=K'-P, (6)

where the 3 x 3 forward K and inverse K~! truncated
matrices are defined as

1 0 0 1 0 0
K:{—1 1 o}, K‘lz[l 1 0}.
-1 0 1 1 o0 1
Example 2. Let us find an LAR expression to de-
scribe the two-input MAX gate (Example 1). In Ta-
ble 1, we give the partitioned column truth vector as
a set of sub-vectors Xg, X1, Xq, and the corresponding
LAR coefficient vectors Py, P1, Py for the assignments
{z9,25} = {00,01,10}. By (6),

i.e. Pp=a9+2x3. Also, Py =1+ and P, = 2. The
weighted sum of these LAR expressions produces the
expression for MAX (x1,x2) in symbolic and matriz
form (5) respectively

Po=K X, =

P =3Py 4+ 3'P, 4+ 32P, = 21 + 52 + x5,

1 0 O 21 21
-1 1 0 22 = 1 .
-1 0 1 26 5

The below Karnaugh maps illustrate the issue:

P=K -X° =

X H
X> 0 1 2 X XN 0 1 2
0 0|1] 2 X5 0 1 00| 0| 1] 2
1 1 /(1] 2 0 21 26 011 ]1]| 2
2 2122 1 22 - 101 2|22

The next example illustrates the restoration proce-
dure.

Example 3. Given the LAR for NLG, P = 21 +
5xy + x5, that represents MAX (x1,x2) gate, calcu-
late MAX (x1,22) = MAX(2,1). Based on the en-
coding rule given in Table 1, x1xo = 21 is equivalent to
z{z5 = 01. In order to find the sub-vector X,,, let us
calculate p: since the variable assignments r1xe = 21
correspond to the 7-th element of the truth vector X,
p=17/3 =2.

The LAR P satisfies the model (2) of an NLG, i.e.
P = D. So, taken £ = p in (2) and the masking ope-
rator (3), we are able to define an arbitrary 3-valued
2-input NLG.
Definition 5. A 3-valued (m = 3) two-input (n = 2)
NLG is an element with the output

_ P
f=8"{P} = L‘TMJ mod 3, (7)
where P = dyx§ + dax§ + do (2).



The below example illustrates how to calculate any
value of the MVL function via the NLG model (7) of
the MVL circuit.

Example 4. Calculation of MAX(2,1) is equivalent
to the computation of f = B*{P}. Since z5x§ = 01,
then B2{21 + 525 + 25} = E*{22} = | 2| mod 3 = 2.

Table 2 contains the LAR-based representations of
NLG of the ternary gates from a typical library of gates.
The new models can be formed using these basic ones.
For example, z; + 25 (mod3) = E*{3°(2 — (2§ +
229)) +3'(2— (1 + 25 —21)) +3%(2— (2— 223 —a1))} =
=45 + 1425 + 1025 }.

Table 2. LAR-based models of elementary
ternary gates

T = 2—-z

=4{152% + 2123}
=#{21z7 + 1225}
=#{21 4 5z7 + 4x5}
=#{21 + 5z7 + x5}
=#{21x7 + 9z5}
2121 — 1025 — 1423}
ZH{1 — x7 + 5z3}

r1-r2mod3 =
MIN(xhCCz) =
TSUM(JA,:L'Q) =
MAX (z1,22) =
TPROD(Z::[,.TQ) =
(x1 +x2) mod 3 =

ZL‘1|I2 =

Let us compare the MV-TG [9] and the proposed
NLG, for the ternary MAX gate. Meanwhile, Tan’s
model includes three MV-TGs (Figure 1a). The pro-
posed NLG with pseudo-variables as inputs is given in
Figure 1b. Table 3 explains the computations in both
cases.

Figure 1. MAX gate implementation

Remark. The inputs of NLG are pseudo-variables.
It means that in all cases we need encode the multiple-
valued assignments by the binary ones. Although the
process of computation pseudo-variables and param-
eter p is complicated in general case, for a 2-input
ternary gate it is trivial, as values of x7 and z§ de-
pend only on the variable x; and p is equal to a value
of the variable x; (see Example 2).

Table 3. Truth table of MV-TG and NLG

MV-TG [9]: Equation (1) NLG: f = E*{D}

zixz2 | L1 L2 L | f1 f2 f D I
2 1 0
00 0 0 0 0 0 0 21 2 1 0
01 -1 1 1 0 1 1 22 2 1 1
02 -2 2 2 0 2 2 - - - -
10 1 0 1 1 0 1 26 2 2 2
11 0 1 1 0 1 1 - - - -
12 -1 2 2 0 2 2 - -
20 2 0 2 2 0 2 - -
21 1 1 2 1 1 2 - -
22 0 2 2 0 2 2 - -

5 Representation of a set of ternary
gates by a single NLG

Let us treat a level in an MVL circuit as an n-input
r-output function.

Definition 6. The LAR expression of an n-input r-
output level of a ternary circuit (r-gate level) is the
weighed sum of LARs of each output f;, j € (1,...,7),

L=y @0 D)) (8)
j=1

The below Lemma follows from Definition 8.

Lemma 2. An n-input r-output level of an MVL cir-
cuit corresponds to an NLG whose formal model is ex-
pressed by equation (8).

Thus, a particular case, ternary NLG, is described
as follows.

Definition 7. A 3-valued (m = 3) n-input r-output
NLG is an NLG which j-th output, j € {1,...,1}, is
derived from (3) taken £ =3(j — 1)+ p

£y = B3y = L J mod 3.  (9)

33G-1)+n

Example 5. Find a word-level expression to represent
a circuit level consisting of three MAX gates. Based on
the word-level description of MAX gate (Example 1):
P = 3214525 +x3) +3%(21+ 523 +5) +3°(21 +522 +
xg) = 15897+ 5x5 + x5+ 13525 + 2723 + 364522 + 72928

The correspondence of the assignments of variables
and pseudo-variables is given below: r1xox3T4x5x6 =
20 11 12 = zjzszSagzseg = 00 01 10 and 1 = 2,
po =1, ug = 1. For this assignment, P = 15897 4+ 5 -
0+1-0+135-0427-143645-14+729-0 = 19569. Then,
the outputs f;, j € {1,2,3}, of the level are calculated
as follows



. 19569

fi = =3 o+2{19569} = { 32 J mod 3 = 2,
_s. 19569

f = EH{19569) = | - | mod3 =1,
_s. 19569

fs = E¥*1{19569) = { = J mod 3 = 2.

In particular, let us compare different implementa-
tions of the 4-variable parity function: the AND/OR
network, TG network and NLG network given in Fig-
ure 2a, b and ¢ accordingly. Notice, the NLG network
has same architecture for any m.

AN,

R O RN R R R
bao wao jb(o —ko \
'{I E W
)
~
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5
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(a) (c)

Figure 2. Parity function network architecture

6 LDD representation of the NLN

The second stage of the NLG design by an LDD with
arithmetic analog of the Positive Davio pD 4 expansion
in the nodes [12]. Given LAR = 21 + 5z + z§ for the
ternary MAX gate, its LDD is shown in Figure 3.

Lemma 3. An NLN model of an l-level MVL circuit
consists of I NLGs, each described by a LAR and a
corresponding LDD.

The proof follows from Lemma 2 and equivalence of
both the representations of an MVL circuit: the LAR
and the LDD derived from the LAR. Consequently, a
circuit of [ levels is described by [ LDDs.

Figure 3 shows the ternary NLGs derived from the
LAR and LDD-based models.

MIN MAX
21 yH 5 JH
5 2
2 2
0o—" 2

LARyin = 2127 + 1225 LARyax = 21+ 525 + 23

| |
off2Y x0 o
oPEzs B BT

0
[o] [+

Figure 3. NLGs for MIN and MAX gates

2721+21

()
Figure 4. Models of a 2-level ternary circuit

Now let us consider the two level ternary network
given in Figure 4a. Following the approach of [2, 9, 10],
we can represent this circuit by the MV-TG network
(Figure 4b) where each node includes three MV-TGs.
By our technique, we design an NLN with two NLGs
that are mapped into two LDDs (Figure 4c and 4d
accordingly). Notice that the resulting NLN has no
learning capability.

We introduce our main result by the theorem.

Theorem 4. An arbitrary l-level MVL circuit over a
standard library of cells can be represented by an NLN
with | NLGSs; every NLG is formally described by a
LAR that is mapped into an LDD, so that the resulting
NLN is mapped into | LDDs.

The proof follows from Lemma 3.



Thus, the number of NLGs in an NLN is equal to
the number of levels in the corresponding circuit, that
is the initial MVL circuit is mapped into the NLN level
by level in opposite to the MV-TG approach.

7 Algorithm

The algorithm to derive an LDD-based model from
a circuit description is given in Figure 5. One of the
painful problems of the word-level representation, in-
cluding linear forms, is the exponential values of ter-
minal nodes. To calculate it, we utilize the Zero-
Suppressed BDD-like trees [5]. We developed a special
encoding scheme in order to obtain reasonable mem-
ory requirements. In a case of LDD built for ternary
gates, each terminal node is a sum of three integer ex-
ponential numbers, where mantissa takes a value from
aset {-2,-1, ..., 2} and the exponentials are three sub-
sequent integers. Moreover, as we use circuits with 2
inputs only, two adjoining terminal nodes in the 2i-th
and 27 + 1-th LDD levels have the same components,
331, 33+1 and 3%+2. Consequently, there is no need of
keeping the huge exponential numbers, as they can be
simply calculated from the given tree level and, thus,
each terminal node is fully described by a set of three
mantissas. In this way, we replace the calculation by
manipulating the encoded bits of numbers (for more
details, see [12]). We also utilized ideas of links be-
tween the cells in linear systolic arrays to processing
the information by a set of LDDs [3].

procedure buildL DD (circuit):
for(V level i in the circuit)

Design LDD for the level i;
for(V gate g in the level i)
for(V input in of the gate g)
if (no input in in the LDD for the level i) then
add a new node with a pseudo-variable
corresponding to the given input;
else
add a new terminal value to the existing node
with the pseudo-variable corresponding to the given input;
return a set of LDDs;
}
procedure build N LN (circuit):
Execute buildL D D (circuit) and keep the result in a variable trees;
for(V tree i in trees)
{
Form the i-th NLG;
for(V node j in the tree i)
add to the i-th NLG an input with
- a splitting variables from the j-th node,
- a weight equal to the j-th terminal node;

add values from free terminal node of the tree i to the bias of the i-th NLG;

Figure 5. The algorithm to generate the NLN

8 Experiments

We simulated the NLNs of the benchmark circuits
(with about 5000 gates) from LGSynth 93' base. Every
binary gate in a circuit is interpreted as ternary gate,
i.e. AND gate is replaced with MIN gate, and OR gate
is replaced with MAX gate. Then, we represent each
MVL gate by a LAR model of an NLG. Finally, we
mapped this model to the NLN. Run time was mea-
sured in seconds for PC Pentium III 450 MHz proces-
sor with 128 MB RAM. Our program NetDesign was
written in C++.2 The experimental results are given
in Tables 4 - 6.

The columns 1-5 in Table 4 contain the name of test-
ing circuit, the number of inputs/outputs (I/0), the
number of gates (#G), the number of circuit levels
(#L) and the total number of nodes (#N) in LDDs.
Nnaz denotes the number of nodes of the largest LDD.
The parameter W, 4, that is the maximal number of
digits in a terminal node value. The last column con-
tain run time (CPU) in miliseconds to simulate a cir-
cuit via a set of LDDs. Some observations follow from
Table 4.

(i) The number of nodes (#N) in LDDs is compara-
ble with the number of gates (#G) in the circuit. For
example, 207-input 109-output circuit C7552 that in-
cludes 4094 gates is represented by 66 LDDs (#L=66)
with #N=5935 nodes. This is because of complexity
O(#G) of our algorithm.

(ii) Run time (CPU) to transform circuit from
EDIF format to a system of LDDs is acceptable for
practice.

This proves the efficiency of our algorithm to gen-
erate NLN models, which manipulates, for instance, a
model of the 32-digit multiplier (C6288), LDDs with
the terminal values that are the numbers of about 800
ternary digits.

In Table 5 we give comparison of average CPU time
to calculate outputs of the circuits in EDIF format
(CPU) and LDD format CPU1 for 10 000 randomly
generated input assignments. We observe that CPU=
CPU1.

In Table 6 we give the memory requirements for the
EDIF and ISCAS formats (MEM) compared to the pro-
posed LDD representation (MEM1): MEML1 is about
5-20 times less than MEM.

Concluding remarks

We have proposed the fast, simple, and accurate
model for the large MVL networks (in our experiment,

Thttp://zodiac.cbl.ncsu.edu/CBL_Docs/1gs93.html
2The package is available from the authors



Table 4. Characteristics of LDD-based NLN

TEST LDD-based network
Name I/O #G #L #N(N'rnam) Wnae CPU [5]
C17 5/2 12 6 23(5) 6 0.00
C432 36/54 319 28 503(46) 63 0.04
C499 41/32 524 25 880(105) 200 0.15
€880 60/32 619 39 860(59) 148 0.10
C1355  41/32 908 43 1354(129) 192 0.25
C1908  33/25 765 54 1140(71) 101 0.12
C2670 233/108 1234 | 45 1715(228) 372 0.91
C3540 50/24 1670 | 65 2397(202) 311 1.14
C5315 178/163 2910 | 78 3977(356) 646 2.06
C6288  32/32 4768 | 245  6917(256) 768 1.43
C7552  207/109 4094 | 66 5935(407) 561 3.69

Table 5. Comparison of RUN time

Test IN #L CPU1 [ms] CPU2 [ms]
C17 5 6 0.002 0.004
C432 36 28 0.109 0.150
C499 41 25 0.148 0.168
€880 60 39 0.188 0.339
C1355 | 41 43 0.241 0.288
C1908 | 33 54 0.247 0.252
C2670 | 233 45 0.379 0.491
C3540 | 50 65 0.447 0.593
C5315 178 78 1.240 1.580
C6288 | 32 245 1.100 2.194
C7552 | 207 66 2.011 2.340

Table 6. Comparison of memory requirements

TEST EDIF format ISCAS format

#G MEM MEM1 #G MEM MEM1
C17 12 5478 258 6 1303 201
C432 433 102257 6314 160 18991 4601
C499 516 167343 15301 202 21989 5427
€880 619 190729 8869 383 37844 8306

C1355 | 1204 273018 16133 546 59573 16850
C1908 | 2134 230507 13098 880 78574 22491
C2670 | 2603 400707 32395 | 1193 110025 36305
C3540 | 3901 503457 34744 | 1669 145359 54857
C5315 | 6018 903899 88965 | 2307 220596 107392
C6288 | 4847 1387230 71476 | 2416 255406 68572
C7552 | 8067 1236066 146057 | 3512 311939 271970

more than 200 inputs and 8000 ternary gates). The
crucial idea was to utilize the advantages of word-level
description of logic functions. We have proved that the
proposed model (with no learning capability) is more
powerful compared to [2, 9, 10]. Moreover, we have
shown that the boundary case of the word-level ex-
pressions, LARs allow an arbitrary MVL circuit to be
represented by a set of the LDDs planar by their na-
ture. In particular, to represent the ternary 32-digit

multiplier, we derive 245 LDDs with 6917 nodes for
1.43 seconds. We believe that NLN, in general, might
be used to alleviate some relevant problems of planar
MVL network design.
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