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Abstract| We consider the problem of cost evaluation for
AND-EXOR representation of a switching function partially
(non-equivalent) symmetric in k variables. The evaluated pa-
rameters are the number of distinct polarities, the number of
distinct coeÆcients and their weights (the number of products
and literals assigned to the coeÆcient). The method has been
veri�ed by experiments with standard benchmark function hav-
ing partial non-equivalent symmetries.

Index Terms. Switching functions, partial and total

symmetry, AND-EXOR representation, optimal polarity

I. Introduction

Detection of the symmetry in a given function is a pre-

requisite to many methods of computer aided design of in-

tegrated circuits, for example, Boolean matching [10], [12],

eÆcient determining variable orders in Binary Decision Di-

agrams (BDD) [2], circuits design and decomposition [7]

and so on. Among di�erent approaches to detect and ex-

ploit the symmetries, AND-EXOR expansion of symmet-

ric functions are of special interest [9], [10], [11], due to

the fact that AND-EXOR representation of some switch-

ing functions is more compact, testable and and possess

many other advantages.

A technique to detect symmetries of switching functions

in AND/EXOR forms has been suggested in [6]. Paper [9]

was devoted to constructing a FPRM form for totally sym-

metric function based on a rectangular binary table and

�nding a minimal FPRM form from it. Authors of [10], [11]

considered detecting of equivalent and non-equivalent sym-

metries through FPRM forms. None of these approaches

exploits the properties of optimal polarities of AND-EXOR

of symmetric switching function, i.e. quasi optimal polarity

was chosen as the result of minimization strategy. Papers

[5], [1] contain the complexity estimations for a particu-

lar case - totally symmetric functions. In [3] a polyno-

mial time algorithm has been proposed for minimization of

AND-EXOR expressions for totally symmetric switching

functions. The problem to �nd an optimal polarity even

for more simple case of totally symmetric function and es-

pecially for partially symmetric ones is not solved yet.
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Motivated by these problems and applications, we eval-

uate, in a formal way, an optimal AND-EXOR represen-

tation for switching functions with non-equivalent partial

symmetries of varibles. The evaluated characteristics are

the number of products and literals for each AND-EXOR

forms, or Reed-Muller forms of di�erent polarities (the po-

larity of variable indicates that the variable is comple-

mented or not). We are based on the previoys results

obtained in more general case - for partially symmetric

multiple-valued functions [8]. Our evaluation is exact and

has been justi�ed by a numerous experimental data given

in the sections below.

II. Non-equivalent symmetry of variables

Let f be a switching function speci�ed on a set of vari-

ables X = fx1; x2; : : : ; xng. f is partially symmetric with

respect to Xk � X if any permutation of variables in Xk

leaves f unchanged [4]. In [10] such type of symmetry is

refereed as non-equivalent.

Example 1: Function f = x1 _ x2x3 is a partially

non-equivalent symmetric in variables fx2; x3g; function

f = x1x3x4 _ x1x3x4 _ x1x2x5 _ x1x2x5 is non-equivalent

symmetric with respect to sets of variables fx3; x4g and

fx2; x5g, function f = x1x2 _ x2x3 _ x1x3 is totally non-

equivalent symmetric.

The length of carrier vector for a function which is par-

tially symmetric in k variables and has no symmetries with

respect to remaining n � k variables, is (k + 1)2n�k ac-

cordingly. The number of distinct positive polarity AND-

EXOR coeÆcients for such function takes the same values,

namely, (k + 1)2n�k.

In [8] a symmetry vector of a function f , S = [s1s2:::sn],
where si = sj = 1 i� f is unchanged by an interchange of

variables xi and xj , has been introduced.

Example 2: The symmetry vector S = [1011] speci�es

a function that is partially non-equivalent symmetric in

variables fx1; x3; x4g.

III. AND-EXOR expansion for symmetric

functions

AND-EXOR, or �xed polarity c, c = 0; 1; : : : ; 2n � 1,

Reed-Muller, expression for a switching function of n vari-



TABLE I

The number of distinct AND-EXOR expressions for a

20-variable switching functions symmetric in k variables

The number of symmetric variables, k

n 1 3 4 17 18 19 20

1 2

2 4 3

3 8 6 4

4 16 12 8

5 32 24 16

6 64 48 32

7 128 96 64

8 256 192 128

9 512 384 256

10 1024 768 512

11 2048 1536 1024

12 4096 3072 2048

13 8192 6144 4096

14 16384 12288 8192

15 32768 24576 16384

16 65536 49152 32768

17 131072 98304 65536 18

18 262144 196608 131072 36 19

19 524288 393216 262144 72 38 20

20 1048576 786432 524288 144 76 40 21

ables is de�ned over GF(2) as follows [6]

Rc(X) =

2n�1X
j=0

r(j)
c
(x1 � c1)

j1(x2 � c2)
j2 : : : (xn � cn)

jn ;

(xi + ci)
ji =

8<
:

1 if ji = 0; ci = 0; 1
xi if ji = 1; ci = 0

xi if ji = 1; ci = 1

where r
(j)
c is j-th coeÆcient of AND-EXOR expansion,

j = 0; 1; :::; 2n � 1; ci is i-th digit of binary representation

of polarity c, i = 1; :::; n, ji is i-th digit of binary repre-

sentation j1j2:::jn of an assignment j of values to variables
x1; x2; :::; xn.
All 2n AND-EXOR expressions of a function partially

symmetric with respect to variables xtq 2 Xk; q =

1; 2; :::; k, can be grouped according to the number of vari-

ables whose form is xtq ; xtq .
De�nition 1: The distinct group of AND-EXOR ex-

pressions of a function f partially symmetric in k vari-

ables fxt1 ; :::; xtkg is a group of expressions of polarities

c = c1:::ct1 :::ctk :::cn such that to satisfy the linear equa-

tion

ct1 + : : :+ ctk = C; (1)

for C = 0; 1; : : : ; k.
For an n-variables switching function symmetric with re-

spect to k variables fxtqg, the number of distinct groups

of AND-EXOR expressions is Nd = (k + 1)2n�k [8].

Table I contains values of Nd for di�erent k and 2 � n �
20 for a switching function.

De�nition 2: [8] The symmetry distribution vector is two

elements vector [k0k1], where k0 � n0; k1 � n1, and ki is
the number of l's in the corresponding k digits ci1 ; ci2 ; :::; cik
of the code c1c2:::cn of polarity c, so that k0 + k1 = k.
Example 3: Given a 4-variable function symmetric with

respect to variables fx2; x3; x4g, S = [0111], its AND-

EXOR expression of polarity c = 5, i.e. c1c2c3c4 = 0101.

The symmetry distribution vector is [k0k1] = [12].

TABLE II

The number of distinct coefficients, Nc, in AND-EXOR form

of polarity p, for a 10-variable switching function

symmetric in 2 � k � 10 variables

p k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10

0 768 512 320 192 112 64 36 20 11

1 768 512 320 192 112 64 36 20 20

5 768 512 320 192 112 64 64 48 36

10 768 512 320 192 112 112 84 60 11

19 768 512 320 192 192 144 100 20

35 768 512 320 320 240 160 36

63 768 512 320 320 256 64

111 768 512 512 384 112

191 768 768 576 192

319 1024 768 320

511 1024 512

767 768

It has been proved in [8], the following has been proved:

given the symmetry distribution vector [k0k1], the num-

ber of di�erent c-polarity AND-EXOR expressions within

one of Nd distinct groups, is the multinomial of k over the

partition k0 + k1 = k

Ng =
k!

k0!k1!
:

A distinct AND-EXOR expression of a switching func-

tion partially symmetric in k variables is characterized by

(i) distinct groups of products (within all 2n products) in

the expression, each is assigned to a distinct coeÆcients,

(ii) the number of products within a distinct group of

products and

(iii) the number of literals within all products of a distinct
group of products.

Each c-polarity AND-EXOR expression of a function is

represented by its 2n�1 coeÆcients vector. For a function

partially symmetric with respect to k variables, there are

some distinct groups of coeÆcients within the coeÆcients

vector, and the number of the groups is characterized by

the number k and also the symmetry distribution vector

[k0k1] for the given polarity c. It has been proved in [8] that
the number Nc of distinct coeÆcients in the corresponding

c-polarity AND-EXOR expansion of a switching function

partially symmetric with respect to k variables, be

Nc = (k0 + 1)(k1 + 1)2n�k:

The particular cases c = 0 and c = 2n correspond to

the upper bound of the number of distinct coeÆcients of

AND-EXOR expansion of a partially symmetric switching

function. A partially symmetric function of n variables

can be represented with (k + 1)2n�k distinct 0 (and also

(2n))-polarity AND-EXOR coeÆcients.

Table II illustrates the dependence of the number of

distinct coeÆcients, Nc, on the number k of symmetric

variables and some of distinct polarity p for a 10-variable

switching function.

If we know the number Nc of coeÆcients (distinct groups

of products) in a c-polarity form of a partially symmetric

functions, as well as the cost of each coeÆcient (the number

of products within the group), we can evaluate the product

cost of the AND-EXOR expression. We also can �nd the

number of literals within a product (so-called literal cost).



Then one can choose an expression with the lowest product

and/or literal cost.

So, the optimality of an AND-EXOR expression is deter-

mined by its cost evaluated through: the number of non-

zero products and the number of non-zero literals within

the products.

Each ofNc coeÆcients r
(p)
c , p = 0; :::; Nc�1, of c-polarity

AND-EXOR expression is assigned to a modulo-2 sum of

products, i.e. a group of products (x1� c1)
jn :::(xn� cn)

jn .

Let us de�ne Np as the number of products assigned to

such distinct coeÆcient, and let Nl be a number of literals

within one product. Clear, that each products consists of

Nl =
P

n

i=1 ji literals.

It has been proved in [8] that the product cost Np of the

coeÆcient r
(p)
c within c-polarity AND-EXOR expression of

a function partially symmetric with respect to k variables

xt1 ; :::; xtk , i.e. the number of products within p-th modulo-

2 sum of products, p = 0; :::; Nc � 1, is equal to

Np(r
(j)
p ) =

k1!

k0C(A)!k1C(A)!

k0!

k0
C(A)!k1C(A)!

:

Example 4: Let f be a 4-variable function symmetric

with respect to variables fx2; x3; x4g, k = 3. Consider

its AND-EXOR form when c = 5, c1c2c3c4 = 0101, n0 = 2,

n1 = 2. The number Np of products of terms within all

possible Nc = (k0 + 1)(k1 + 1)24�3 = 3 � 2 � 2 = 12 groups

of products in the 5-polarity AND-EXOR form are shown

in Table III. Here j1j2j3j4 represent all combinations of

variable values, k0C(A) and k1C(A) correspond to the num-

ber of 0's and 1's in digits j1; j2; j3 (labeled as g) which

corresponds to 1's in the code c1c2 : : : cn of the polarity c.

Consider, for instance, the product cost of the coeÆ-

cient r
(2)
5 . Taking into account that c1c2c3c4 = 0101,

the code j = 1 = 0001 is divided to the following parts:

�rst, j2j4 = 0 1 (it corresponds to c2c4 = 1 1), k1 =

2; k0C(A) = 1; k1C(A) = 1, and, second, j1j3 = 0 1 (it

corresponds to c1c3 = 0 0), k0 = 1; k0
C(A) = 1; k1

C(A) =

0. So, (k1!=k0C(A)!k1C(A)!)(k0!=k0C(A)!k1C(A)!) =

(2!=1!1!)(1!=0!1!) = 2. These two terms are coded by

p1p2p3p4 = 0001; 0100 and written as follows: (x1 +

0)0(x2 + 1)0(x3 + 0)0(x4 + 1)1 = x4 and (x1 + 0)0(x2 +
1)1(x3 + 0)0(x4 + 1)0 = x2.

Each product, to which a distinct coeÆcient r
(j)
p is as-

signed, contains some non-zero literals of the form (xi+pi).

Theorem 1: The literal cost of the coeÆcient r
(j)
p of

the p-polarity AND-EXOR expansion for a m-valued logic

function symmetric in k variables is de�ned by the expres-

sion:

Nl(r
(j)
p

) = Np(r
(j)
p

)

1X
l=0

nlq (2)

Proof: To count the literal cost of the coeÆcient, we

have to know the number of such literals, i.e. how many

non-zero literals are included in such a product. For the

product (x1 + p1)(x2 + p2) : : : (xn + pn), the number of lit-
erals with with q-tuple exponentiation (xi+pi)

q is counted

p j1j2j3j4 k00 k10 k01 k11 Np

0 0000 1 0 2 0 1

1 0001 1 0 1 1 2
0100

2 0010 0 1 2 0 1

3 0011 0 1 1 1 2
0110

4 0101 1 0 0 2 1
5 0111 0 1 0 2 1
6 1000 1 0 2 0 1

7 1001 1 0 1 1 2
1100

8 1010 0 1 2 0 1
9 1011 0 1 1 1 2

1110
10 1101 1 0 0 2 1
11 1111 0 1 0 2 1

TABLE III

The product costs Np of coefficients r
(p)
5 for AND-EXOR

expression of polarity c = 5 (c1c2c3c4 = 0101) for a

4-variables function partially symmetric in variables

fx2; x3; x4g, k1 = 1, k0 = 2

as the summarized number of 1's in the assignment A:P1
l=0 nl1. The total number of literals, no matter to which

exponentiation, be
P1

l=0 nl1. Hence, the total number of

literals in all products assigned to the coeÆcient r
(j)
p , is

counted by equation (2).

Theorem 2: The literal cost of the c-polarity AND-

EXOR expression of an m-valued n-variable logic function
partially symmetric in k variables, is counted as

Nl(fp) =

Nc�1X
j=0

r(j)
p
Nl(r

(j)
p
) (3)

Proof: The proof follows from Theorem 1.

The sum of product costs Np of all products in a c-
polarity AND-EXOR expression yields the total product

cost of the expression.

Theorem 3: The product cost of the c-polarity AND-

EXOR expression for a function partially symmetric with

respect to k variables is equal to

Np(f) =

Nc�1X
p=0

r(p)c

k1!

k0C(A)!k1C(A)!

k0!

k0
C(A)!k1C(A)!

(4)

Proof: Proof follows immediately from Theorem ??

The sum of literal costs Np of all products in a c-polarity
AND-EXOR expression yields the total literal cost of the

expression.

Theorem 4: The literal cost of the c-polarity AND-

EXOR expression for a function partially symmetric with

respect to k variables is equal to

Nl(f) =

Nc�1X
p=0

r(p)c NpNl (5)



/* (input)

f(x1; : : : ; xn) : f0; 1g
n ! f0; 1g

xi1 ; : : : ; xik - symmetric variables */

/* (output)

np - number of products of optimal AND-EXOR

expression

nl - number of literals of optimal AND-EXOR expression

*/

/* Nprod - vector with number of products of every

distinct polarities

Nlit - vector with number of literals of every distinct

polarities */

f
Nd  (k + 1) � 2n�k /* evaluate number of distinct

polarities */

for(8i 2 0; 1; : : : ; Nd � 1)

f
j  index[i] /* derive the index of next i-th group of

distinct polarities */

Fc[i] coeÆcient vector(c) /* evaluate the

AND-EXOR vector of length Nc for the polarity c */

Nt[i] weight vector(c) /* derive the weight vector */

Nprod[i] 
P

Nc

p=0N
(p)

k
[i] � F

(p)
c [i] /* calculate the

component-wise product and derive the cost of the

AND-EXOR form as the sum of its coeÆcient */

Nl[i] 
P

Nc

p=0 j
p[i] /*Calculate the number of 1's in

the code j1:::jn*/

Nlit[i] 
PNc

p=0N
(p)
t [i] � F

(p)
c [i] �Nl[i] /*Calculate the

number of literals in AND-EXOR form from the

coeÆcients vector, N
(p)
t [i] is p-th element in Nt[i] */

g
l i : Nprod[i]=min(Np[j];8j 2 f0; 1; : : : ; Nd � 1g)
np Nprod[l]
nl Nlit[l]
g

Fig. 1. Pseudo code of the algorithm to derive a minimal product and
literal cost of a c-polarity AND-EXOR expression of a function
partially symmetric in k variables

where Nl =
P

n

i=1 ji be the number of literals in a product

within a distinct group (that is also equal to k1C(A) for the

group).

Proof: Proof follows from Theorem ??.

The estimation of product and literal costs obtained in

the subsections before, can be evaluated for each distinct

AND-EXOR expression given its coeÆcient vector Rc. To

�nd a minimal expression we have to choose a minimal of

the cost of these distinct expressions.

Fig. 1 contain the pseudo code of the algorithm to eval-

uate the costs of the c-polarity AND-EXOR expression of a

partially symmetric function and choose the minimal prod-

uct and literal costs that correspond to a minimal AND-

EXOR expression.

TABLE IV

The product cost of j-th distinct coefficient r
(j)
p of

p-polarity AND-EXOR expression of a 10-variable switching

function symmetric in 6 variables

Index Polarity

0 16 32 48 64 80 96

0 1 1 1 1 1 1 1

16 6 1 2 3 4 5 6

32 15 5 1 3 6 10 15

48 20 5 4 1 4 10 20

64 15 10 8 3 1 5 15

80 6 10 4 9 2 1 6

96 1 10 6 9 8 1 1

112 10 12 3 12 5

128 5 6 3 8 10

144 5 4 9 2 10

160 1 8 9 1 5

176 1 4 3 4 1

192 1 1 6

208 2 3 4

224 1 3 1

241 1

TABLE V

The product cost of j-th distinct coefficient r
(j)
p of

p-polarity AND-EXOR expression of a 10-variable switching

function symmetric in 9 variables

Index Polarity

0 2 4 6 8 10 12 14 16 18

0 1 1 1 1 1 1 1 1 1 1

8 126 28 14 6 1 5 15 35 70 126

19 1 70 35 45 5 40 45 14 1 1

27 28 70 60 40 30 3 42 70

35 1 21 45 60 6 60 7 1

36 7 45 40 4 45 21

38 14 15 10 20 18 35

42 1 18 20 40 1 21

47 1 6 20 4 15 1

52 3 4 10 6

55 1 6 10 1

59 1 1

IV. Experimental results

We implemented the algorithm described in the previous

section in C++. All experiments have been conducted on

a Pentium 100Mhz with 48 MBytes of the main memory.

We �x the number of symmetric variables and observe

how the costs of AND-EXOR coeÆcients depends on the

polarity.

Tables IV, V and VI and Fig. 2 illustrate the distribution

of the product cost of each distinct coeÆcient in AND-

EXOR form of a 10-variable switching function symmetric

in 6, 9 and 10 (totally) variables correspondingly. Note,

that the symmetry is considered with respect to �rst six

(nine) of 10 variables. For symmetry in 6 variables, and

polarity p = 0, the cost is distributed among its 112 distinct

coeÆcients as below: the maximum cost (equal to 20) is

concentrated to 48 - 63 rd coeÆcients . The same is true

for the last, 95th, polarity.

Now �x the polarity and the number of symmetric vari-

ables (9 of 10 variables) and observe, how the position of

0 in the symmetry vector (the number of non-symmetric

variable) in
uences on the product cost of each coeÆcient

in AND-EXOR expression.

The product cost of j-th distinct coeÆcient r
(j)
0 of 1-

polarity AND-EXOR expression of a 10-variable switching

function partially symmetric in 9 variables, with regard to

the position of non-symmetric variable (marked by 0 in the

symmetry vector S = [1::101:::1]) is shown in Table VII and
Fig. 3.

The next goal of our experiments was to implement the



TABLE VI

The product cost of j-th distinct coefficient r
(j)
p of

p-polarity AND-EXOR expression of a 10-variable switching

function symmetric in 10 variables

Index Polarity

0 1 2 3 4 5 6 7 8 9 10

0 1 1 1 1 1 1 1 1 1 1 1

5 252 36 8 21 6 1 6 21 56 126 252

10 1 126 112 63 15 25 80 63 16 1 1

12 84 70 35 90 10 24 105 112 36

14 36 70 105 15 100 6 21 112 126

19 1 56 35 20 50 36 105 8 1

21 8 63 60 100 4 63 56

26 1 21 24 50 24 21 1

27 7 36 50 4 35

31 1 4 5 20 1

34 1 5 1

35 1

Fig. 2. The product cost of j-th distinct coeÆcient r
(j)
p of p-polarity

AND-EXOR expression of a 10-variable switching function sym-
metric in 9 variables (upper) and 10 variables (lower)
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TABLE VII

The product cost of j-th distinct coefficient r
(j)
p of

1-polarity AND-EXOR expression of a 10-variable switching

function symmetric in 9 variables, S = [1::101:::1]

Index Position of 0 in vector S

0 1 2 3 4 5 6 7 8 9

0 1 1 1 1 1 1 1 1 1 1

2 1 1 8 8 8 8 8 8 8 8

4 8 8 1 28 28 28 28 28 28 28

6 8 8 8 1 56 56 56 56 56 56

8 28 28 28 8 1 70 70 70 70 70

10 28 28 28 28 8 1 56 56 56 56

13 56 56 56 56 28 8 1 28 28 28

14 56 56 56 56 56 28 8 1 8 8

16 70 70 70 70 70 56 28 8 1 1

18 70 70 70 70 70 70 56 28 8 1

20 56 56 56 56 56 56 70 56 28 8

22 56 56 56 56 56 56 56 70 56 28

24 28 28 28 28 28 28 28 56 70 56

26 28 28 28 28 28 28 28 28 56 70

28 8 8 8 8 8 8 8 8 28 56

30 8 8 8 8 8 8 8 8 8 28

32 1 1 1 1 1 1 1 1 1 8

34 1 1 1 1 1 1 1 1 1 1

Fig. 3. The product cost of j-th distinct coeÆcient r
(j)
p of 1-polarity

AND-EXOR expression of a 10-variable switching function sym-
metric in 9 variables, S = [1::101:::1]
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proposed method to evaluate the weights of the distinct

AND-EXOR expressions for benchmark functions known

as partially non-equivalent symmetric with respect to given

variables.

Our program has been implemented in C++ and yields

the number of products Np and literals Nl within Nd dis-

tinct polarities for symmetric functions.

The scheme of our experiments was as follows. First of all

we recognized symmetries (partial and total) in the group

of MCNC with 4-15 inputs benchmarks. For this purpose

we used special recognition program [1].

In Tables VIII - IX we give fragment of our experimental

study where In is the number of variables; P=L is the num-

ber of products/literals in EXOR expression; t�run time

of minimization in seconds (Pentium 200MMX processor).

Note that in this table in column Exact optimum we place

the distinct polarities, and the number in the brackets cor-

responds to the total number of optimal polarities.

In our �rst experiment we have studied more simple case

of partially symmetry, i.e. one block of symmetric variables

(Table VIII). Note that in this table in column Exact op-

timum we place the numbers of distinct polarities, and the

number in the brackets corresponds to the total number of

optimal polarities.

The case of so called multi partial symmetry (several

groups of variables in which a function is partially sym-

metric) was the subject of our second experiment. Table

IX contains the fragment of results of recognition partially

symmetries in MCNC benchmarks 4-15 inputs variables.

Note that in this table in column Exact optimum we place

the distinct polarities, and the number in the brackets cor-

responds to the total number of optimal polarities.

For instance, the result of AND-EXOR minimization

function bw11 is x0x2x3x4 � x0x1x2x4 for polarity c =

21(c1c2c3c4c5 = 10101) and x0x2x3x4 � x0x1x2x4 for po-

larity c = 31(c1c2c3c4c5 = 11111).

V. Concluding remarks

In the paper, we evaluated the cost of AND-EXOR ex-

pansion for switching functions with non-equivalent par-

tial symmetries in variables. We found an optimal polar-

ity forms (with minimal product and literal cost) for the



TABLE VIII

Partial symmetry: exact estimation of optimal polarity of AND-EXOR expression of switching functions

Test example Exact optimum

Name In Sym. c P=L t

bw3 5 x1; x4 31 6/21 0.00

5x01 7 x3; x4 69 12/44 0.28
5x6 7 x5; x6; x7 112,113,115,119* 4/6 0.17

sao24 10 x6; x10 187 55/376 129.93
5x7 7 x1; x5 � x7 16,17,19,23,87(12) 2/3 0.11
f53 8 x1; x2 0,64,192 11/32 1.96

f55 8 x1 � x4 14(16) 4/6 0.79
f56 8 x1 � x5 2,10,26,58,122,250(33) 2/3 0.49

sao21 10 x6; x10 819,825,921 36/248 129.93
sao22 10 x6; x10 155,179 52/374 129.93

TABLE IX

Multi partial symmetries: comparison exact estimation of optimal polarity of AND-EXOR expression and results of

heuristic minimization; the number within the brackets means how many other best solution have been obtained

Test example Exact optimum

Name In Sym. c P=L t

bw11 5 x1; x3; x5; 31 2/8 0.01

x2; x4 21 2/8 0.01
5x10 7 x1; x7; 65 3/13 0.27

x2 � x4; 65 3/13 0.27
x5; x6 65 3/13 0.27

z41 7 x1; x4; x7; 0 15/56 0.17

x2; x5; 0 15/56 0.27
x3; x6 0 15/56 0.27

z42 7 x1; x4; x7; 0,36,95,123 9/22 0.27
x2; x5; 0,36,95 9/22 0.18

x3; x6 0,36,95,123 9/22 0.27
z43 7 x1; x4; x7; 0(16) 5/8 0.18

x2; x5; 0(8) 5/8 0.18

x3; x6 0(8) 5/8 0.27
z44 7 x1; x4; x7; 0(16) 3/3 0.17

x2; x3; x5; x6 0(8) 3/3 0.11
5x5 7 x1; x4; 33(4) 7/15 0.27

x5; x6 35(3) 7/15 0.27

f54 8 x1; x2; x3; 20(8) 7/15 2.45
x5; x8 20 7/15 2.40

f57 8 x1 � x6; 0(128) 2/2 0.46
x7; x8 0(128) 2/2 1.96

newtag 8 x1; x3; 160 6/28 3.80
x5; x6; 160 6/28
x7; x8 160 6/28

m1811 15 x7 � x15 20479 13/90 3596.65

benchmark functions, and show the experimental results.

Our next goal is to improve the method to enlarge the size

of the decided problem (the number of inputs in functions).
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