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Abstract - A power method for finding an optimal polynomial representation of a weakly
specified many-inputs one-output Multiple-Valued Logic (MVL) function is suggested. The
algorithm proposed uses a matrix method instead of over-defining the don’t cares.

Index Terms - Multiple-valued logic, incompletely specified logic function, Reed-Muller
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1. Introduction

MVL functions as models of multi-level signals are used together with Boolean
representations in modern digital systems [Sasa093]. Canonical forms, especially Reed-
Muller ones are of special interest, for instance, when designing logic arrays from MIN,
MOD-k-SUM gates. '

Incompletely specified functions are more difficult to handle in logic design than completely
specified functions, because the don’t-care values introduce an additional degree of freedom
to the process of logic minimization {Brayton84, McKenzie93, Miller94, Sasao93, Chen95].
The problem considered in this paper is: how te find an optimal Reed-Muller canonical form
of a given incompletely specified MVL function? First we must adopt a criterion of the quality
of representation. The criterion we use is the number of nonzero products of the polynomial
and the number of literals, which should be minimal. The previous solutions of this problem
simply over-defined the don’t care term of functions, thus being ineffective for weakly
specified functions [Green87, Varma91]. Some new approaches to reduce the computational
complexity were proposed in [Csansky93, Falkowski92, Zilic95]. An approach to heuristic
solution based on genetic algorithms was proposed for Boolean functions [Miller94] and for
MVL functions [Kalg96].

A new approach to such problems for many-inputs one-output Boolean functions has been
proposed by A.Zakrevskij [ZakTor95]. 1t uses the so called staircase search. The main new
1dea was not to consider the unspecified values of the function.

In this paper we generalize the algorithm proposed by Zakrevskij onto Multiple-Valued Logic
(MVL) functions. The algorithm is irredundant because we also do not care about don’t cares.
and the search area includes the specified values only.
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2. Generalized Reed-Muller Canonical Forms for Multiple-Valued

~ Functions

Let us have a k-valued (k is a prime number) logic function. The fotlowing equation gives the
generalized Reed-Muiler (GRM) canonical form of fixed polarity ¢ for a k-valued logic
function (k is a prime number):

k-1 . j j ‘
F.(X)= X fC(J)(x1+CI) Lo (x, +c, )7 overGF(k),
7=0
where: ¢=0,1,...k"1; ¢; ¢2..c, and ji j2..jn are correspondingly k-valued representations of

integers ¢ and j: ¢ ; = 0,1,..,k-1; x; +c; denotes a literal, a so called ,,c;-order cyclic
inversion of x;”; by that (x,;+¢,)’=1; 19 are the polynomial’s coefficients [Green 89, Yan95).

There are & GRM canonical forms of fixed polarity for any &-valued function. There is also a
more general class of GRM forms with mixed polarity where each variable is allowed to be
with a cyclic inversion or without inversion.

Example: All 3* GRM canonical forms of fixed polarities for the 3-valued function of two
varnables given by its truth vector X=[2 010001 0 2] are:

Fix)y=2x+ xl2 + x,x, +2x12x2 over GF(3)
Fx)=2+2x +2x{ +2%, + 2x,%, +2%/%, over GF(3)
Fy(x) = 2x %, +2x°%, +2%, over GF(3)

Fi{x) = 14+2x, + %] +2x, + X,x, + 2% %, gver GF(3)
F(x) =24 % 428 +2%, + X%, +2%°%, over GF(3)
Fi(x) =23 %, + £2%, + 2%, over GF()
Fy(x) =2%/x,+ % over GF(3)

Fi(x) =2%x, + 2%, over GF(3)

Fi(x) =2%2%, over GF(3)

It can be seen that the number of terms in the representation hieavily depends on the polarity.

A minimal canonical form is the form so that, at first, the number of zero coefficients j;(” it
maxirmal, and the second, the common number of literals in products is minimal.

3. Exact RM minimization algorithm for MVL functions

A quite different minimization is required for incompletely specified MVL functions.
Suppose we have a k-valued (% is a prime number) logic function specified on some definition
arca. This area is represented by a matrix B with n columns corresponding to k-valued
variables x;.....x,, and with m rows corresponding to different inputs from the area. The values
of the function are given by its incomplete truth column vector X.



Example 2. Let us a kF=3-valued function fis given on m=>5 values of its 3 variables

Xy Xy X3

1 0 2] 1]
6 0 0 1
2 1 2 2

B = . X:

2 2 1 0
0 0 1 2
1 2 0] 1

Our aim is to find the optimal polynomial for the given incompletely specified MVL function.
We propose the algorithm based on so-called staircase search proposed by A.Zakrevsky for
Boolean functions [ZakrTor95].

If we have the complete truth vector X*, we would realise so-called orthogonal transform
F*=Kin X* over GF(k)
to find coefficient column vector F* ; spectral transform matrix Ky is defined as in [Yan95].

Having the incompletely specified function given by its truth vector X, we meet with the
problem of solving the following linear matrix equation with £-valued variables

X=E F over GF(k),

where the matrix £ is the Extended Definition Matrix; F is the incomplete Reed-Muller
coefficient vector. Matrix E is formed from the vector-columns, representing all possible
results (without repetitions) of componentwise and multiplace conjunctions of columns
from the matrix B and also their 1,2,...(k-1)-powers and cyclic inverted variables in
accordance with polarity, i.e. all different projections of potentially useful terms for Reed-
Muller polynomial implementation of a given polarity. In other words, the columns of matrix
E represent all possible terms (x;+¢;Y"...(xy+c, )™ for the Reed-Muller polynomial forms. Note
that £ always contains the first column consisting of 1 generated by the conjunction of zero
number of columns.

Example 3. For the matrix B given in Example 1 and ¢=0 the matrix £ is the following

X, Xp X3 1% Xy X3 XoXs X5© XiX3 X
00 1) (100101 00)
020 10200000
B=022l, E=l10221100
102 11020121
20 0] 1200000 1]

(we write one of the repeated terms only).

To find a minimum polynomial implementation of an incompletely specified MVL
function, it is necessary to find a minimum subset of columns from the Extended Definition
matrix, such that componentwise modulo & sum (or usual sum when we concern arithmetical
form) of these columns (with 1,2,... k-1 coefficients) have to be equal to the specified values
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Input Data:

1
1 1 1 0 & 0 0 07 =h
1 0 0 2 0 0 0 1y =hn
E= 11 2 1 2 1 0 0 o] =h
1 2 1 0 0 1 1 2 2| =i
1 0 0 4] 0 2 1 0 0 “J4
Output Data: l L l l
column vector F= f So | S1 {8 | 83 ]
Step 0. 0| =ho=fo l
0| =h#h
p= |0} =h, So=[000] \* ‘
0| =hs
0l=hy /\ F=[0002121001]
Step 1. Si=[1} S=[2] A
0 0] =p,
h+x= |2 2x= | li=hh
0 0|=hs
0 0] =h4
Step 2. S=[1]1  S=(2]

0 |=hq
nhl
=h=f;
=h33‘=ﬁ

Step > W

$:=[100] [200] [010] [020] {001] {002]

h-=h+ he=h+
XaX3= 2 2xaxy=

t Ho
[T == B - B
=
I

0 0 0 0 |=hg 0
1 1 1 1{=Mh 1
0 0 0 o{=h 0
2 1 2 21=hs=f |1
1 1 2 o|=he=fe |0
e

Step 4. ho=h+2x,

Step S. h:=h+2x"

Step 6. (——— h:=h+xix3

Solation: F=2x3+ 2x2x3 + x1%3

Fig.1. [llustration for Example 5.
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of the initial MVL function, i.e. vector X. The chosen set of columns from £ is indicated by
vector F'- its elements shows what columns from £ were chosen and with what coefficients.
the time needed for the appropriate search depends powerfully upon the number of columns in
E, since problem is NP-hard, however this number can be considerably less than the number
of all possible products, especially for weakly defined functions. ‘

To implement the algorithm to derive the minimal polynomial form for the MVL function
given in such way, we have to use the staircase form of matrix E. 1.e. the matrix where the
columus are ordered in the following way: at the beginning the columns having the upper 1s
(2s,3s,...,(k-1)s)} in the first row, then the columns having the upper 0s and the next 1s
(2s,3s,...,(k-1)s) in the second row, and so on. ' _

In Boolean case we are guaranteed to obtaijn a staircase matrix if the rows of the input area
matrix B are sorted so that they satisfy the following condition: do not cover any rows by
preceding ones. The MVL case is more difficult. In some cases the rows cannot be sorted so,
that they satisfy the above condition. So we will obtain stairs of zero width. However, we
can still obtain the missing stairs. We can do this by addition of the rows of the matrix E.
The rows containing zero-width stairs should be added to each other and the first row above
them. Adding the rows, we should also add the corresponding values of the vector X.

Example:
Having the E matrix given below the fifth stair is of zero width:
1 1 1.0 0 0 ¢ 0] (1]
1 00 2 00 00 2
=11 212 1 0 0 0, X =2
I 21001 2 1 0
1 0000 2 0 i] 1]

We can obtain a staircase matrix by adding the fifth row multiplied by two to the fourth row:

r 7 4

I'1 1000 0 0 i
1 0020000 2
E=l1 21 21000, Xx=i2
02100220 2
o000 20 1] ]

Table I shows the relationship between the values of n and m and the number L of columns in
matrix £ for £=3 and 5. Note that the columns of £ correspond to the classes of conjunctive
terms; terms of the same class have equal projections onto the definition area, and this
projection is presented by the corresponding column. That is why the number 1 of columns in
E can, for smalt m, be far less than the number & of all conjunctive terms, and this fact
facilitates the finding of a solution of the regarded problem.
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Table 1, 2. The number £ of columns in the matrix £ (the conjunctive closure of the
definition area matrix B), for 3 and 5 valued logic.

Number of Number of variables n,_3-valued logic Number of | Number of variables s, S-valued logic
spec. terms |6 7 8 9 10 11 12 spec. terms | 4 5 6 7
6 55 7% |71 99 104 | 138 137 4 33 55 66 143
7 57 101 {160 [137 {225 [237 }233 5 88 115 186
8 82 102 | 155 | 189 1260 |335 1377 6 104 171 286
9 98 161 [227 |273 |303 1466 |506
10 113 {154 |234 ]300 (517 {506 |741
11 125 1207 1298 1438 1578 [672 |1078
12 155 [224 1384 |554 {571 1941 [1226

~

Example 4. For the matrix ‘E given in Example 3 the staircase form is the following:
I x4 X32 X7 XpX5 Xy XiX3 X|2

1100000

[
[T ST S I )
=
(=

0
i
H
0

< [

—
LS S R ]
o N oS o
-0 O O

0

The staircase algorithm consists in the reduced tree searching, using columns of the matrix E.
Corresponding fragments (stairs) of the matrix are fixed for every tree level and that facilities
looking for an optimal solution of the problem. It should be noted that solution can include
1,2,....,m-1 or none columns from each stair.

Suppose a set f, is the current set (at the step £) of some columns from E, and its cost (the
number of these columns) denotes by cost{H,). We carefully derive the stairs from S to the
jast one. The best sofution obtained at the moment is H. The vector S; indicates which column
from the stair can be chosen. So, the exact algorithm includes the following steps:

The algorithm for finding a minimal Reed-Mauller representation of an incompletely specified

MVL-function

Input Data: definition area matrix B, function values vector X
Quiput Data: coefficient vector F

step 1. Suppose the current value of F (the current modulo k sum of the columns F; from £} 1s
h={hg Ay ... ha)=[0...07.

step 2. If the +-th element of the vector A is not equal to the /-th element of truth vector X=[fo
fioe fu)i R # S, and cost(H)<cosi{(H)-1, then we include one {2,..,(k-1)) column Fj or none
from the stair into our solution. ~:=h+ F;, Hi={F}}.

If A= f, and cosi(H,) < cost ((H), then H:=H, .

If cost(Hyzcost(H)-1, then we change the value of the stair S, so that the cost(H) does not
decrease.

step 3. The searching terminates when H,=H with minimum cost, i.c. minimal polynomial £
realizing the function /' defined on B, is obtained.
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Example 5. Let us execute the staircase searching algorithm step by step for the function
considered in the example above (Fig, 1).

Step 0. A=[00000}. Since f3=ho=0, So=[Fy F; F2]={000].

Step 1. Since fi=1 # k=0, then S;={F3]=[1] or [2] (Fig.3). We choose the column x, with co-factor
(coefficient) 2. Then h:=h+2x,. H={2x,}.

Step 2. Since f>=0 # =1, then S:=[F4]=[1] or [2] (Fig.3). We choose the column x;x; with
coefficient 2. Then h:=h+2xx5=2x3+2x2x3. H={2x3,+ 2x3x3}.
Step 3. Since f3=2 # h;=0, then S3={F’s F¢ F7]=[100], {2001, [010], [020], [001] or [002] (Fig.3). We
choose $3=[200], i.e. column x; with co-factor 2. Then A=[01021]. But A=f since their last elements
are differed. Then we continue the search for this stair.

Step 4. We choose column x,° with co-factor 2, 5;={020]. Then A=[01022] . But A#/. Then we
continue the search for this stair.

Step 5. Choosing column x1x3 with co-factor 2, we S3=[001] and #=[01020]. Then A:= h+ x| x3=f.

So, we obtain the following:
F =[00022001],

[

F =2+ 2xx3 + xyx3 (over GF(3)).

" The obtained vector F corresponds te the following complete coefficient vector
F* = {000220000010000000000000000].

It is clear, that the inversion transform of the coefficient vector gives a restored completely
defined MVL function f* .

4. Experimental Results

The exact algorithm was tested in the range of k=3,5, n 25, m. <40 and for polynomials of
both the fixed and mixed polarity. The experiments have been conducted on a PC486/100Mhz
and OS LINUX. The value of each runtime shown below is an average time of calculation
over 10 randomly generated samples of the specified size. The estimation of the runtime, and
the number of terms in the constructed optimised system of Reed-Mulier expansions
representing the initial MVL functions can be evaluated using Fig. 2 - 5.

The estimations and runtime (Fig.2) show that the method is highly efficient for weakly
specified functions (for small m) but as the problem is NP-hard, the time of computations
depends exponentially on the number of specified terms.
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Fig.2. The time of computation depending on the number of specified terms for 5, 10, 20, 40
variables; 3-valued logic. The matrix B contains 50% of nonzero elements. The time is
shown in logarithmic scale.

The rate of the minimization characterised by the number nx of the non-zero terms in the
constructed Reed-Muller polynomial represented the initial 3-valued logic function (Fig.3)
shows that these numbers are comparable, but the rate is better for smaller number of
specified values of the functions.
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Fig.3. The number of terms in the resulting polynomial depending on the number of specified
terms for 5,7,15,40 variables. The matrix B contains 50% of nonzero elements; 3-valued logic

It can be seen (fig. 4 and 5), that the time of computations and the number of terms in the
resulting polynomial depend heavily on the number of nonzero elements in the definition area
matrix B.
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Fig.5. The number of terms in the resulting polynomial depending on the number of nonzero
elements in the matrix B and the number of specified terms for 15 variables, 3-valued logic

8. Conclusion

The proposed approach to solve the problem of minimization of an incompletely specified
MVL function is based on generalized exact staircase algorithms. It should be noted that the
algorithin is much more powerful for strongly unspecified functions (the less the number of
defined values, the less the time of computations and non-zero products in the solution
polynomial). Also the algorithm result characteristics are better when the number of zero
elements of the definition area matrix is greater. It should be noted, that this exact algorithm
obviously has restrictions on the numbers of variables # and specified values m. That’s why
some approaches to reduce the algorithm are developed.
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So, the range of applying the algorithm (on the view of the number of variables) can be
extended by using element of heuristic searching [ZakTor95]. Such an approach is developed
in [Ho196]. The exact algorithm for multiple-output MVL functions is proposed in [Zakr96].
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