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Abstract. Information theory methods alow us to establish non-traditional approaches to solve some
problems of logic design. We make an attempt in this paper to explain a technique to compute information
estimations for logic function. The fundamental definitions of information theory within the interpretation of
algebra of logic are implied to be base for the information estimations. Special features of computations of
the estimations for completely and incompletely specified logic functions, and symmetric logic functions
are investigated. A classification for logic functions based on information estimations is introduced. Some
results are of a discussion character, since the ways to compute the information estimations for logic
functions concerns sometimes the philosophica aspects of information theory.

Key words: information theoretic approach, information estimations, entropy, logic design, Boolean
function, Multi-Valued Logic (MVL) function

l. INTRODUCTION

An information theoretic approach to solve logic design problems attracts specialists' attention two last
decades, at least. For instance, enough simple estimations for complexity of alogic function, characteristics of mutual
relation between values of function and its arguments, can be obtained by using this approach. In other cases, the
information theoretic approach can be an origina alternative to traditional methods and approaches, in particular,
when solving logic tasks through decision trees.

Among the successful applications of mutual information approach to decision tree design reported already
are medical diagnosis, an expert system design tool, character recognition, classification of chess endgames, Neural
Networks (NN) learning, various control algorithms based on unification of methods of fuzzy logic and information
theory.

Some of the earlier work [Gana73], [Hart82] deals with the conversion of decision tables to decision trees.
Goodman and Smyth [Good88] proposed a general top-down mutual information algorithm to design decision trees
from deterministic decision tables. It requiresthat all the probabilities are known a priori.

A natural step isto use thisresult for minimization of logic functions. Because the truth table of logic function
is a special case of decision table, the approach presented in [Hart82] can be applied to the logic function
minimization problem. It was shown in [Kaba90] that a minimal sum-of-products form for a Boolean function is solved
by entropy evaluation. Authors of [Llor93a,b] have generalized the results achieved in [Kaba90]. They have been
proposed for approximate minimization of MVL functions.

The information theoretic approach was applied to solve other problems of Logic Design too. So, for instance,
the results on the relationship between entropy and the average power consumption of the circuits generated from
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Boolean functions were considered in [Chi97]. The entropy measure was shown to provide an effective power
estimate for single-output and fully-correlated multiple-output Boolean functions.

A method to determine the entropy of large logic circuits with a level of accuracy was proposed in [Lioy97].
Authors partition the set of output signals according to the information about the functional correlation that may
exist among such signals, and then compute the approximate entropy values after performing output clustering. In
[Var82] an information theoretic approach for the generation of near-optimum sequential fault location experimentsis
proposed. Authors consider a general multiple input-output circuits.

There are known many papers where the information theoretic approach is used in NN and fuzzy logic.
Methods of fuzzy logic and solution of logic optimization problem on NN is of great interest last time. That is why will
show briefly how the information theoretic approach combines the concept of fuzzy entropy and NN.

In the designing of NN training procedure information estimations are commonly used as error criterion. It has
been suggested to use the information theoretical criterion rather than the least squared error criterion for training
NN. For example, Hinton [Hin89] suggest to minimize the cross-entropy. NN compute activation levels or weights of
interconnections between processing elements. With proper normalization, these weights range from 0 to 1 and thus
represent fuzzy set. Fuzzy entropy can be computed from weights of interconnections between processing elements
achieved after every n training cycles. Since NN training is the evolution of a dynamic system from a random set of
weights to a set of weights that achieve a certain fit, fuzzy entropy of the weights changes evolves to either afixed
point, alimit cycle, or strange attractor of a chaotic system. Thus, fuzzy entropy provides a basis for optimization of
the training of NN, independence of testing net performance against a set of test data samples. A NN that evolves to
a fixed point has memorized the training examples; a NN whose weights have maximum entropy has optimum
generalized capability.

In [Simo93] it was shown that unlike the notation of entropy of a probability distribution, the entropy of
function has an algebraic rather than a probabilistic character. It means that afunction (including alogic one) have so
caled functional entropy as a numerical characteristic, satisfying the group of axioms. Authors relay that such
approach will allow us to obtain limitations on functional decomposition that are difficult to prove by traditional
methods.

Finally, we would like to mention an original papers [Sol95] and [Pav90]. It has to stimulate specialists to find
new non-traditional ways to solve logic design problems. The paper [Sol95] study the fundamental question of how
query learning performs in imperfectly learnable problems, where the student can learn to approximate the teacher
only. It has been proved those queries for minimum entropy in student space (i.e. maximum information gain) lead to
the same improvement in generalization performance as for anoisy linear teacher. The efficiency of query learning is
thus determined by the structure of the student space alone, and it is supposed that this result holds more generally
for minimum student space entropy queriesin imperfectly learnable problems.

I'n paper [Pav90] study the problem how to increase the information density encoded in well known bar codes.
For this goal authors have used for the first time information measures. The idea based on that a distinction exists
between the method of ”painting” bits on paper (channel encoding) and that of encoding information into bits
(source encoding). Information content of a bar code allow to develop new types of bar codes.

The analysis of the mentioned papers allows us to conclude that the technique to compute information
estimations for logic function was not formed completely, that is reasoned by the difficulties of the computations
concerning sometimes the philosophical aspects of information theory. There are also some contradictions in the
interpretations of results on the information measure.

Moreover, on our view, there are no papers of a general character, which would be assessable for wide circle
of logic designers. Note that the information approach (within the frameworks of application for logic design
problems) should be classified as inter-disciplinary approach. It means that it is based on new methods, which are
non-trivial unification of results from various subject areas. A problem of a mutual interpretation of the results
becomes the actual, for this case - the results from theoretical-applied branches of logic design and information
theory. However inter-disciplinary approaches have always been fruitful and resulted in principally new results and
understanding the investigated objects.

What could be expected from the application of the information approach? Say, the well-known problem of
comparison of optimization algorithms for logic functions is solved by their testing on benchmarks. The strategies of
the compared algorithms are evaluated relatively only, i.e. by the result of the testing. In the contrast, the information
approach allows for evaluating each of the strategies through information estimations. Additionally, each step of the
strategy can be analyzed and compared with a best one (in accordance to the information estimations). It should be
especially noted one of the main features of the strategy based on the information measures. It consists in the
possibility of a prognosis for a next step for the searching. Thus, the information approach is a way to deeply
understand and improve the investigated strategy. On the other hand, the algorithms to transform logic functions on
the base of the information approach can be an analogue or extension of the class of benchmark function to test
other algorithms.

Thus, it can be concluded that it is presently necessary to conceptually explain the methods of the
information measures for logic functions, to learn their properties from the position of information approach, to
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investigate transforms of logic functions as information objects. We suppose that such results could stimulate
discussions and researches on application of information methods in logic design. The mentioned is the motivation
of this paper.

We are based here on the fundamental papers on information theory [Shan48a,b], [Marti81], [Yag73], and
others, and also on the mentioned papers of applied character. The proposed technique to compute information
estimation for logic functions includes rules to compute entropy and information quantity for completely and
incompl etely specified logic function, and for symmetric functions, These rules lie on our theoretical investigations.

Our results, however, go beyond this. We demonstrate that logic functions divided into classes from the
position of information approach. Such new classification can be efficiently used in logic recognition. We also
demonstrate for some simple tasks of logic design how to use the information estimations to reduce the
computational capacity.

. FUNDAMENTAL DEFINITIONSOF INFORMATION THEORY WITHIN
THE INTERPRETATION OF ALGEBRA OF LOGIC

2.1. GENERAL STATEMENTS

The subject of our investigations are logic (Boolean and MV L) functions, which will be interpreted as multi-
input one-output information objects. We will base below on anumber of fundamental statements of information
theory and algebra of logic. Let usformulate our premises by the following five statements.

STATEMENT 1. Combinations of variables values and logic function values corresponding to these
combinations are considered from the information theory point of view in the sense of probability distribution for
various mentioned values. It means that information estimation, for instance, for variablesvalues {0, 1, 0, 0} and {1, O,
1, 1} of Boolean functionsare not differed.

STATEMENT 2. Assigning the unspecified values for incompletely specified logic function does not influenced
onto information estimation since the probability of realization for the assigned combination of variables values and
logic function valuesis equal to 0. In other words, the assigning for unspecified values, if it necessary for the given
task, can be made by an arbitrary way and does not influenced onto information estimation

STATEMENT 3. A value of logic function or any its variable carries a proper information which can be
evaluated as -1og p, where p is a probability of realization of this value. The base of the log can be chosen arbitrary,
however we recommend to choose the radix of the number system (binary for Boolean function, m-valued for m-
valued logic function), for that information estimation belongs to a normalized range from 0 to 1 (bits or m-ary units
accordingly).

STATEMENT 4. The dependence of logic function on an arbitrary variable can be expressed by the term mutual
information. In other words, we will consider an average mutual information in the given combination of n variables
values and avalue of logic function.

STATEMENT 5. Any functional transform of alogic functiondoes not increase the information about function
values for the given combinations of variables values. So, for instance, when transforming logic function given by
truth table, into any other form does not increase the information about values of logic function and variables.

2.2. TERMINOLOGY AND ASSIGNMENTS

The following terms establish the relationship between terms of the proposed approach and some notations of
information theory.
Term a value of logic variable (also avalue of logic function) is associated with an event in probabilistic theory
and with the term a message in information theory.
Term a set of logic variable values (or logic function values) is related to the term an ensemble, or a set of
possible values with the given probability distribution of these values.
The notations below are introduced to define proper information, relative information, mutual information,
entropy and conditional entropy for logic functions.

f - mvalued logic function f(X) = f(Xg, X,.., Xn) Of N variables X1, Xa,.., Xn;
f,x1 {0%, ml},i=1..n
k - the number of combinations Uy, U, ..., Ui of variables xi, X,,.., Xn for which the logic

function f is specified; for completely specified logic functions k = nT’
Uj={xy, -]j-th combination of variables xs, X,,.., X, of the truth table logic function f;



X2,eey X} j=01,..,k

b - denotes the random variable associated with vaues of logic function f

p(b) - probability of that the logic function f takesavaueb 1 {0, .., m1}

t; - denotes the random variable associated with values of variable x; of logic function f
p(ti) - probability of that variable x; takesavaluet; 1 {0, ..., m1}

I(b) - proper information invaue b of logic function f

[(t)) - proper information in vauet; of variable x;

p(b|ti) - conditional probability of value b of logic function f given valuet; of variable x;

I(b|t;) -relativeinformation invaue b logicfunction f given vauet; of variable x;

[ (b;t;) - mutual information of jointly specified vaues b of logic function f and valuet; of variable
Xi

H(f) - entropy of logic function f as a measure of uncertainty of function value

H(f|t;i) - conditional entropy of logic function f given vauet; of variable x;, i.e. the uncertainty of
value of logic function f when value of variable x;, is given

H(f|x; - conditional entropy of logic function f given variable x;, i.e. average uncertainty of values

) of logic function given variable x;

H(fx;) - entropy of jointly specified logic function f and variable x;

I (f;x;) -mutual information in variable x; about logic function f and vice versa, that reflects the
influence of variable x; on the function f and conversely, the influence of function f on
variable x;

2.3. INFORMATION IN LOGIC FUNCTION AND ITSVARIABLES

The main terms and expressions related with notations such as proper information, relative information and

mutual information for alogic function and its variables are introduced in this Section.
L et us define the notation for a probability of values of variable x; logic function f and the function itself. As it was
shown in section 2.2, values of variable x; is associated with a random variable t;. Values of the function are
associated with random variable b. Both the mvalued logic function f and its variable x; take values from the range
{0,...,m-1}. Assume, alogic functionf is defined for k combinations of variables U;, U,, ..., Uy . Accordingly, each
variable x; of the function also takes values for these k combinations.

Definition 2.1. The probability of valuet; of variable x; is the relation: <the number of combinations for which
thisvariable takes value t;>/< total number k of the specified combinations>.

Definition 2.2. The probability of value b of alogic functionf isthe relation: <the number of combinations of
variables for which the function takes value b> / <the number of k of specified combinations>.

Example 2.1. In accordance with definitions 2.1 and 2.2, the following is true TABLE 2.1
for the Boolean function given by Table 2.1: (i) probability p of valuet; =0of variable A fragment of truth table
x isequal top (% =0)="s, and p (x = 1) = %/5; (i) the probabilities of values of the oy  an incompletely
Boolean functionf takethevalues p(f=0)=%s, andp(f=1)="s. specified Boolean

Definition 2.3. Proper information | (t;) (or proper information quantity) of  fynction f
the value t; for a mvalued variable x; of alogic function f be called the information
being carried by the valuet;: | Xi |

I(ti)=-log(p(ti)), 21 0
where p (t;)) denotesthe probability that the variable x; takes valuert;.

Example 2.2. Proper information for the Boolean function given by Table 2.1
takes the following values: | (x = 0) =-log , ¥/s = 0.737 bit; 1 (x,= 1) =-log , %/5s = 1.322
bit.

Unless otherwise specified we assume that all logarithms are in base m, where m
denotes the number of possible values of variable x; (function f).
By analogy, proper information | (b) (or proper information quantity) of the value b of a mvalued logic
function f be calledthe information carried by value b of thisfunction:
I (b)=-log p(b), (22
wherep (b) denotes the probability of that the functionf takesthe value b.

Example 2.3. For Boolean function (Table 2.1): | (f=0) = - log , “/s = 0.322 bit; | (f=1) = - log , /s = 2.322 bit.
For afixed valuet; of variable x;, the probability p (b|t;) of that logic function f takes value bis called conditional
probability of value band calculate by follows:

O Fr O P
O OO O|—

A p@Et;)
t)=—"-> , .
p@lt;) ot ) (23
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wherep (b, t;) denotesjoint probability of valuesband t;.

Example 2.4. For the Boolean function given by Table 2.1, the following probabilities were obtai ned:
p(f=0,x=0 =¥5;p(f=0,x=D="5p(f=1L,x=0=0andp (f=1,x=1)=". Then
P(f=0x=0)=Y5s=Lp(f=0x=1)=Y5:/s="15;p(f=1x =0 =0, p (f=2x =2 =Y5:%5=">.

Let thevaluet; of variable x; be given and the above conditional probability distribution isknown.

Definition 2.4. Therelativeinformation | ( b|t;) inthevalue bof logic functionf given the valuet; of
variable x; be

I(b]t;) =-log(p(b[ti)). (24

By analogy, therelative information | (t;|b) inthevaluet; of variable x; given the value b of logic function f

be
I(ti|b) =-logp(ti|b). (2.5)

Example 2.5. For Boolean function (Table 2.1) obtain: | (f=0|x=0)=-1log,1=0; 1 (f=0|x,=1) =-
log , ", =1bit; | (f=1x=0)=0; I (f=1|x =1) =-log , "/, = 1 bit. Note that for combinations with probability being
equal to O, for instance (f=1, x, = 0) , we suppose the relative information be equal to 0.

Definition 2.5. The mutual information between the valuest; and bisthe informationin valuet; of variablesx;
about the value bof logic function f (or the information in value babout value ;).

Above mutual information can be cal culated by

bt < _ o P@IL)
(b;ti) =1(f) -1(b]t;)=-logp (b) +logp (b]t;) =log Toa) (26)
Using expression (2.3) for conditional probability, we can write (2.6) asfollows
Bt ) = log X&) @7
p(p;t; )

Mutual information between valuest ; of variable x; and logic functionf can be used as measure of mutual
influence of function value to variable value and vice versa.

Example 2.6. For Boolean function (Table 2.1) obtain: | (x,=0[f=0)=-log,1=0; 1 (x=0/f=1)=0;
I (x=1f=0)=-log,,=1bit; | (x,=1f=1)=-log, Y, =1 bit.

Definition 2.6. Mutual infor mation between variable x; and logic function fistheinformation in variable x;
about the functionf and describe by

ng—l ng—l R ; ti
I(f;x)=a a p(a,ti)log—p(a[ )- (28
b=0 t=0 p(a)

Using expression (2.3) for conditional probability, write

m-1 m-1 A
I(fx)=& & pat)log—oas)
b=0 t;=0 p(a) p(;)

Relation (2.9) is preferable from the computational point of view.

Example 2.7. For Boolean function (Table 2.1) obtain: 1 (f; x )=1(x;f)=0.6x0.322 - 0.2x0.678 + 0 +
0.2x1.322 = 0.322 bit. It mean that variable x; carries 0.322 bits of information about function f, and vice versa,
function f carried 0.322 bits of information about variable x; .

Mutual information between variable and logic function is used below as measure of influence of logic
function on its variable and vice versa. Next Section is devoted to the estimations which allow to measure arange of
uncertainty of valuesfor logic function and its variables.
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2.4ENTROPY AND CONDITIONAL ENTROPY OF LOGIC FUNCTION AND ITSVARIABLES

Asarule, to estimate the uncertainty of values of random numbers, entropy and conditional entropy of them
is necessary. Consider the using these estimations for logic function and its variables.
Definition 2.7. Shannon's entropy of variable x; of logic function f isthe average proper information of

valuest; of thisvariable and written by
m-1

m-1
H(x) = pE)It)=-a p(t)logp(t). (210
=0 t; =0
By analogy, Shannon's entropy of logic functionfis the average proper information of valuesf of this
function and defined as follows:

m-1 m-1
H(f)=a p(&@I1(&)=-a p(a)logp(a). (211)
ti:O ti=0
Example 2.8. For the Boolean function given by Table 2.1, the entropy of variable x; defined by H (%) = -
%5 xlog, ¥s - ¥s xlog, *s = 0.971 bit. The entropy of functionf defined by H () = - “/5 xlog, “/s - /5 xlog, /5 = 0.722
bit.



It isnaturally to ask: are the considered estimations for logic functions grounded sufficiently? Furthermore, is
it correct from the mathematical point of view to use Shannon's entropy for logic functions? It is known another
approach based on a notation of functional entropy [Simo93]. Let us consider the relationship between Shannon's
entropy and functional entropy for logic functions.

Since function f takes some val ues corresponding to k combinations of variables only, the number of various
probabilities p(b) can take no more than k. Let r, denotes the number of combinations of variables values for which
logic function takes value b The probability p(b) is expressed by p(b) =r,/ k , wherebl {0, ...,m1},r, T {0, ..., k}.
Therefore, Shannon's entropy of logic function f (2.11) can be written by

H (f) 2T ol 212)
=- — Xlog—. .
& %
Expression (2.12) istransformed as follows
1m?
H(f)=logk - — a rp,xogr,. (213
k b=0
Definition 2.8. Functional entropy of logic function f defined as [Simo93]
m-1
h(f)= & rytogr, (2.14)
b=0

Weusein (2.14) designationh (f) to distinct functional entropy from Shannon's entropy (2.11).

So, the functional entropy represents anumerical characteristic of alogic functionf.
Taking to account (2.14) we can formulate the relationship between Shannon's and functional entropy.
Affirmation 2.1. Shannon's entropy of logic functionfisrelated to functional entropy as

H(f)= logk - %h(f). (2.15)

Proof follows from equations (2.12 -2.14).

We don't investigate here relationship (2.15) in detail and its philosophical sense. Note only, that this
relationship seems to allow for explaining some surprising results obtained sometimes for information measures and
minimization of logic functions basing Shannon's entropy. All mentioned above allow us to consider some properties
of entropy and mutual information of logic function and its variables. Unless otherwise specified, we refers below to
Shannon's entropy.

The following properties are useful to exploit to compute the information estimations for logic functions.
Properties

" Theentropy H (f) of logicfunction f takesvaluesfromtherange O£H (f) £1.
The entropy H (x;) of any variablex; of logic function f belongstotherange O£H (x) £ 1.
The entropy H (¢ ) of constant logic function f isequal to O, i.e. H(const) = 0.
The entropy H (x;) of any variablex; of completely specified logic function f isequal 1.
Proof. A completely specified logic function is specified for nT' combinations of variables, where n is the
number of variables of the function. The probability of value t 1 {O0,..., m1} of variable x; is equal to
p(t;) =", . Taking into account (2.10), we obtain
m- 1
H(x)=- & Y,xlogmYm=1 bit. QED.
tj=0
The entropy of some statistical independent logic functionsis equal to sum of the entropy of ones.
Mutual information between incompletely specified logic functionf and variable x; which takes constant
value only, isequal to 0.

Proof. Let x; =b denotes the fact that variable x; takes constant value b only. We can write p(t) =1fort=Db
and p(t) =0forany t* b. Since p(b|t) = p(b) whent is fixed to constant, then log p (b|t)/p (b)) = 0.
Therefore, it follows from (2.8) that1 (f, x;) =0 bit givenx =const. Q.E.D.

Definition 2.9. Given vauet; of variable x; the conditional entropy H (f|t;) of logic function f be ameasure
of average uncertainty of logic function value with respect to the valuet; of variable x; and calculated by:

st s ATt Y= . & A JEY
H(f [t)=a p(at)l@lt)=-a p(at)log—= (216)
b=0 b=0 p(t;)

Definition 2.10. Given variablesx;, the conditional entropy H (f|x) of logic functionfbe a measure of
average uncertainty of logic function values with respect to the variable x;

-1 -1 -1

H(flx)=-& p(b) H(blt)=-4 & p(b,t) log p(b|t). (2.17)

=0 =0 =0

o
o
-



Example 29. For Boolean function (Table 2.1) the following estimations were obtained:
H(fIx=0=p(f=0,x=0)xlI (f=0|x=0)+p(f=1,x=0)xI (f=1]|x=0) =% x0+0. It means that when
variable X; takes value 0, then value of the function is pre-defined:
H(fIx=D)=p(f=0,x=D)xlI (f=0|x=D+p(f=1x=1)xI (f=1]x=1) =Y2+ Y2 =04 bit. H(f|x =
H(f|x =0 +H(f|x =1 =04 bit. So, value of variable x; reduces the average uncertainty of values of the
functionfrom H (f) = 0.722 bit to H( f | x, ) = 0.4 bit.

Definition 2.11. The entropy H (fx;) of jointly specified variable x; and logic functionfis defined by

TR BB
H(fx)=-a a p(bt) I(bt)=-a a p(bt) log p(b,t). (218)
b=0 tj=0 b=0 t=0
Since p(b,ti)= p(ti| b)*xp (b)wehave
m-1 m-1l
H(fx)=-a & p(b,t) log(p(t|b)>p(b))=
b=0 ti:O
n(]’—l rT(];l n?)—l ng—l
=-a a p(bt) logp(tilb)- a a p(b,t) logp(b)
b=0 ;=0 b=0 t;=0
It means that the entropy is additive on respect of logic functionfand variable x,
H(fx;)=H(f)+H(x;|f) or (219
H(fx;) = H(x;)+H(f]x;). (2.20)

Herewe have used the property p(b,t;)=p(t;) p(b]t;) .

Example 2.10. Compute the conditional entropy and entropy of jointly specified function and variable for the
Boolean function (Table 2.1).We have obtained that H (f)=0.722 bit, H(x;)=0971 bit, and H(f|x;)=04
bit. The entropy of joint specified Boolean function f and variable x; is calculated in accordance with (2.18) as
follows:.  H(fx)=%¥sxlog, ¥s + /s xlog, /s + /5 xlog, /s = 1.371 bit. Accordingly  with  (2.20),
H(fx)=0971+04=1371 bit.

2.5 MUTUAL INFORMATION AND ENTROPY FOR LOGIC FUNCTION
AND SUBSET OF ITSVARIABLES

Now we generalize these results for logic function and group of variables.
Let{X,, X ,xiq} is subset of Iogicvariablesxisi { XX .0 % },8=14,2,..,0; =12, ....,nis1 1,2, ....n.
Notation X Xy Xig be interpreted asjoint assignment of elements of the sub-sets (ensembl es) Xigs Xigpeee s Xi - Denote
the joint assignment of logic functionf and components of the sub-set Xip X ,xiq asfxilxiz...xiq (thejoint
assignment of ensemble f and discrete ensemblesxil, Xigpeno s Xig ).

Lemma 2.1. Given joint specified subset {Xil' Xigpeee s xiq} of variables and logic functionf, the entropy defined
by

H (fxilXiZ ...Xiq) =H (f) +H (Xil |f) +H (Xi2 |in1)+ ..+H (Xiq |in1Xi2'”Xiq-l) . (221)

Proof. For any val uest;, ..., tiq of variablesxil, Xigee s Xy and value bof logic functionfthe joint probability is equal
to p(b,til, veey tiq) :p(b) Xp(t'llb) Xp(tizlbtil) x---xp(tiqlbtil tiq-l)’ where p(tislbtil tis-l):
p(b.t,....t)/ p(b,ti ...t ). Thenl(b;t;..; tiq) =1(b)+1(t [b)+1(t, bt )+..+I (tiq|b
til tiq»l)' wherel (b, til' vey tiq):-log p(b,til, veey tiq)' | (tislbtil tis-l):- |ng(t,s|bt.1 tis-l) .
Compute average of 1(3 and obtain (2.21).
QE.D.

Lemma 2. 2. The entropy for jointly specified subset{xil, Xippe-e ,xiq} of variables and logic functionfis

expressed by
H(inlxiZ...Xiq) :H(Xiq)+H(Xiq-llxiq)+H(Xiq-leiq-lxiq)+"'+H(Xill Xiz...Xiq)+ H(leilXiz...Xiq):

q
= HOG X )+ HIXxy). (222)
j=1
Itisproved by the way similar to proof of Lemma 2.1.

The properties (2.21) and (2.22) shown that entropy of logic function isadditive. It is of great important
significance for information estimations of logic functions. We will explain below arecurrent technique to compute
these estimations on decision trees, that is applied, in particular, to minimize logic functions. The following theorem is
of important for the mentioned technique.

Theorem 2.1. Given subset { Xiys Xinyeo- ,xiq} of variables, the conditional entropy of logic functionfwith

respect to these variables defined by
H (f|xilxi2 ...xiq) =H (fxilxi2 ...xiq)- H (xilxi2 ...xiq) . (2.23)
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Proof. For the pair f,x in accordance with (2.20) write H(f|x;)=H(fx;)-H(x;).For the subset Xi, Xi, of
variables and logic function f we have H(fxilxiz):H(xilxi2)+ H(flxilxiz).lt means that H(fIXi1Xi2)=
H(fxilxiz) -H(xilxiz).Then, for the subset of three variables and logic function f write by induction
H (flxi1 X, Xis) =H (f Xi, X, Xis) -H (xi1 X, Xis) . Thus, generalizing for subset {xi1 X, ...xiq} and logic function f, we
have the desired result (2.23). Q.E.D.

Now, let us consider the rel ations between entropy and mutual information of logic functions. Since
p(b,t;)=p(t;) p(b|t;), wecanrewritetheexpression (2.9) for mutual information asfollows

(fix)=- & & p(bit) log 2L
| b=0 =0 | p(a)
rré-l rré-l mo-l ng)—l
=-a a p(bt)log p(blt)+ a a p(b,t) log p(b).
b=0 t;=0 b=0 t;=0
Therefore mutual information
L(f:%)=H(F)-H(f]x) (224)
Usingp (b,t)= p(t| b)>p(b) wehave
F(fix)=H(x)-H(x]If) (2.29)

Thus, mutual information between logic functionfand variable x; can be presented in entropy terms.

Let us generalize expression (2.25) for agroup of variables of alogic function.

Theorem 2.2. Mutual information between a subset {Xil’ Xippee s xiq} of variables and logic functionf defined
by

I (f; Xi, X xiq) =H(f)+H (Xilxiz“' Xiq)- H(f Xi, Xi, - xiq) . (2.26)

Proof. To proof the desired expression we use the previous theorem. Taking account (2.23) for g=1 write
I (f; Xil) =H(f)-H (f|xil) =H(f)+H (Xil) -H (inl) . Generalize the equation above for variablesxilxi2 obtain
I (f; Xilxiz): H(f)-H (f|xilxi2) =H(f)+H (Xilxiz) -H (fxilxiz) . Thus, generalizing for subset{xil, Xipseo- ,xiq} and
logic function f, we have the desired result.

QE.D.
Note that both the estimations (entropy and information) are of importance and evaluated in sections below.

I"l. INFORMATION ESTIMATIONS FOR LOGIC FUNCTIONS

3.1. INFORMATION ESTIMATIONS FOR LOGIC FUNCTIONS

Let alogic function f of n variables is completely specified for all combinations of variables values by its
truth table. Discuss the notation of logic function from information theory point of view.
Wewill consider the following information estimations (Table 3.1):
An influence of variable x; on logic function f, or mutual information| (f; x;) inx about f. Such estimation
in evaluated by expression (2.24).
An influence of a group Xipy Xigpeee s xiq of variables on logic function f. The mutual information | (f; Xi X
xiq) is calculated by (2.26).

An average uncertainty of values of logic function f without taking into account information about values of
arguments of the function, or itsentropy [ () computed by (2.11),

An average uncertainty of values of logic function f taking into account the known value of variable x;, i.e.
the conditional entropy H (f|x;) computed by (2.16) and (2.23).

An average uncertainty of values of logic function f taking into account the known value of the group of
variablesxil, Xipee s Xis SO, the conditional entropy H (f |xi1 X, X, ) isevaluated by expression (2.23).

TABLE 3.1: Man information estimation for logic function

Estimation Calculation M eans
I (f ;%) Mutual information between H(f)-H(f|x) An influence of variable X on
variable x; and function f logic function f
I (f 3 Xi Xige Xiq) Mutual information H(f)+H (Xilxiz'" xiq) - | Aninfluence of agroup
between the function and group of variables H(f Xi Xy Xiq) Xis -Xi2' .Xiq of variables on
logic functionf.




I (f) Entropy of logic functionf m- 1 An average uncertainty of logic
- a p(b)xogp(b) function values
b=0

H (f|x;) Conditional entropy of logic H(fx;)-H(x;) An average uncertainty of logic

function with respect to variable x; function values given value of
variable ;

H(f i, i, ...Xiq)ConditionaI entropy H(fxi, X, ...Xiq)— An average uncertainty of logic

of logic function with respect to group of H ( Xiy Xiy +on Xi ) fun.ctlon V?I ugs g|veh group of

variables q varlablesx,l, Xig ooy Xig

Let us consider how to calculate the above estimations for Boolean functions of two variables. Note that we
consider a logic function as an information object. It means that it can be said about information estimations of a
Boolean function. Really, variablesx; and x, are initial functions, and a logic operation over the arguments allows us
to obtain a new function.

Example 3.1. Compute the information estimations of the Boolean function f (m=2) of two variables. Note, that
radix of logarithmsisthe radix of Boolean algebra, i.e. 2.

The entropy H (f) of logic functionfin accordance with (2.11) isdefinedby H (f)=-p(f=0)xlog,p(f=0) -
p(f=1)xog,p(f=1). Here and below probability p(f=0) is defined as the number of combinations of
variables of the function, for which the function takes value 0, divided by the total number of the combination.
Probability p (f=1) and others computed adequately.

The entropy H(x;) of variable %, ( = 1 2) of logic function f in accordance with (2.10) is expressed as
H(xi)=-p(x=0)xog,p(x=0)-p(x=1)xog.p(x=1).

The entropy of the joint specified variable x; and Boolean function fis defined by (2.18)
H(fx)=-p(x=0,f=0)xog,p(x=0,f=0)-p(x=0,f=1)xdog,p(x=0,f=1)-
p(x=1,f=0)xog,p(x=1,f=0)-p(x=1,f=1)xog,p(x=1,f=1);

The conditional entropy H (f| x;) of logic function f value with respect to the variable x, can be calculated in
accordance with (2.23) asH (f| x;)=H (fx;)-H(x;).

Mutual information in variable x; about logic function f in accordance with (2.24) is computed by
I (f;%)=H(f)-H(f|x), or,inaccordancewith (2.26) | (f; x)=H (f)+ H(xil)-H (fx).

Let us apply the expounded technique to compute information estimations for Boolean functions of two
variables (Table.3.2). Consider in detail how such estimations are evaluated for Boolean functions, in particular, for
AND function.

Example 3.2. Calculate the information estimations for AND function of two variables.

(i) The entropy of variables: H(x;)=H (x,)=-%,x0og,%,-%,%¥0g,%,=1 bit. Realy, the number of
combinations of variables of the function, for which variablex; (x,) takesvalueO, isequal to 2. Total number of the
combinationsis 4. Therefore the probability p (x,=0)=p (x,=0) =%,. Likdy, p(x;=1) and p(x=1).

(ii) The entropy of function: H (f)=-23,xog,%,-",%og,%,=081 bit . Here the probability p (f=0) of
zero value of the function is equal to*/, , since the function takes value O for 3 from 4 combinations of variables, and
p(f=1)=",, sincethefunctionisequal to 1 for one combination only.

(iii) The probability that the function f takes the value 0 and the variable x; (or x,) takes the value 0, i.e. the
probability p (0, 0) of the combination (f=0,x=0) isequal to '/, +,=%,; p(0,1) = /4 p(1,0) = 0; p(1, 1) = /4. Thus
the entropy H (fx) in accordance with (2.18) iscalculated asH (fx) = %/,40g 2%, - Y4 %0g , /4 -0- Y, %09, %, = 15
bit.



) . N . Note, that the entropy here is
TABLE 3.2: Information estimations for Boolean functions more that 1, since the talk is about the

of 2 variables jointly given ensembles, and the total
Entropy Mutual number for these unified events is
information equal to 4.

H(f) [H(fIxa) [H(fIx2) [1(Fixa) [I(Fix2) (v)  Conditiond  entropy
el 0 0 0 0 0 H(f|_x), i.e average uncertainty_ of
XX 0.81 05 0.5 0.31 0.31 function value given x (x; Or X,): using
X1 X 0.81 05 05 0.31 0.31 ﬁ(zf)) :"fs_ *1‘3;’35 El(tf !X) =H (fx)-
X1 1 0 1 1 0 (v) Mutual information | (f;x)
= X1Xz 0.81 0.5 0.5 0.31 0.31 between the variable x, (or x,) and logic
X2 1 0.5 0 0 1 function f in accordance with (2.24):
x1 A %, 1 1 1 0 0 I(f;x) =081-05=031 bit or, in
X1+ X, 0.81 0.5 05 0.31 0.31 accordance with (2.26) it is equal to

I nver se symmetry of Boolean functions I(fix)= 081+1-15=031 bit.
X1 X, | 0.81 0.5 0.5 0.31 0.31 _ Observation 3.1. The adequate
information  estimations has the
TG 1 1 1 0 0 Boolean function X, |%,, since its truth
X2 1 1 0 0 1 vector X =[1110] is connected with the
X1 ® X, 0.81 0.5 0.5 0.31 0.31 truth vector is related to truth vector
~ X1 1 0 1 1 0 X =[0001] of function AND through
X, ® X, 0.81 0.5 05 0.31 0.31 Fhe invers?on (Table 3.2). This pr_operty
X1 %o 0.81 05 0.5 0.31 0.31 is ger_werallzed for Boolean functions of
const 1 0 0 0 0 0 nvarigbles.

Property 3.1. Boolean functions
are of the same information estimations
if they takes the inverted values for the same combinations of their variables.

3.2. CLASSESOF BOOLEAN FUNCTIONS OF TWO VARIABLES ON RESPECT TO INFORMATION CRITERIA

From the position of information approach, logic functions have another, different from traditional
classification. This classification is based on information quantity and estimation of information affect of variables on
the function. For Boolean function of two variables these estimations are given in Table 3.2. Note, that the
uncertainty of variablesismaximal, i.e. H(x;) = H (%)= 1 bit for completely specified functions. The mutual influence
of variablesis equal to 0, and also H (X3|X;) = 1 and | (xg|%,) = O. It is coherent with one of central statements of
information theory.

Within the frameworks of the traditional classification, say, Post classification, each of these functions
belongs to one of five classes. It is followed from Table 3.2, that Boolean functions of two variables can be divided
onto four groups (classes) of Boolean functions of two variables:

" classof O-information functions,
class of functions saving information,
class of functions with information dependence on one of variables,
class of functionsreducing information.

Notation O-information for a Boolean function means that (i) uncertainty of values of the function is equal to
0, (ii) a value of the function does not depend on values of variables, i.e. there is no dependency of variables on
function and vice versa.

Notation a function saving information means that the value of the function for any combination of variables
values depends on values of both the arguments for the combination, and vice versa - each variable affects the
function by all its values. Hence, a value of one variable can be restored when the value of other variable and the
function are known.

Conception information dependence of a logic function on one of variables denotes the fact that values of the
function depend on one variable only, and the influence of other variable onto the functionis equal to 0.

Notation function reducing information means, that value of the function is defined by both the arguments for
a group of variables values combinations only. For some combinations the function depends on one variable only.
Such logic function partially saves information about variables. Hence, to define values of the second variables by
the unique way, it is not enough to know value of the function and value of one of variables.

Thus, the classification of Boolean functions of two variables from the information position allows us to
conclude: (i) there are four classes of Boolean functions of two variables, and (ii) the logic functions which belong to
one class, have the same information estimations, i.e. they are not differed on the information estimation inside each
of the classes. Note, that such the classification produces ideas to construct new types of classifiers for logic
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functions (features). The properties of the information estimations are saved when increasing the number of
variables[Smer98].

3.3. INFORMATION ESTIMATIONS FOR MVL FUNCTIONS

Consider some features of computation of the information estimations for MVL functions. Here and blow we
will usethelogarithm of radix m. We are based on that the number of digits to represent the numbers in an mvalued
algebra, is defined by the mentioned logarithm. Since there are now essential differences between the
computation of the information estimations for Boolean and MVL functions, let us concern the results on eval uating
the influence of the radix of the function on the information estimations.

Example 3.3. Compute the information estimations 3-valued logic function (X;+ X, )med 3 (Table 3.3).

The entropy of 3-valued functionfin accordance with (2.11) we can write =-p (f=0) xlog;p (f=0) -
p(f=1)xogsp(f=1)-p(f=2)xogsp(f=2).
The entropy H (fx) of joint specified the variable x (x; or X;) and 3-valued functionf H (fx) =
p(f=0,x=0)xogs;p(f=0,x=0)-... -p(f=2,x=2)Hogsp(f=2,x=2).
Conditional entropy H (f| x) of logic function f value with respect to the valuet; of variable x; can be calcul ated
in accordance with (2.20) asH (f| x)=H (fx)-H(x).
Conditional entropy H (x| f) of variable x (X, or x,) with respect to 3-
TABLE 3.3: Modulo m(m=3, 4), GF(4) valued function fin accordance with (2.19) we can write
addition and multiplication operators H(le):H(fX)'H(f)' i )
Mutual information between the variablesx; and 3-valued logic

(X1+X2)mod (X1+X2)moda function fin accordance with (24) we can writel (f; x,)= H(f)-
3 H (f| x) or, with accordance with (2.26) | (f; x1)=H(f)+H(X)-
012 01 2 3 H(x).
olo 1 2 olo 1 2 3 T_heresul_tson evaluatingthginfqrmationestimationsforthisand
1l1 2 o 111 2 30 otherIoglcfunctl_on(TabIe3.4) areg|ven|n_'l'able3.4. _
Observation 3.2. Asresult of operation (X+Y)meam, aclass of logic
2 | 2 R functions is formed with the same information estimations independent
3|3012 gonm
(X1X2)mod3 (X1X2)mod4
0 12 0123 TABLE 3.4: Information Estimations of operations of
0/0 0 0 0]0 000  Additionand Multiplicaion
1jo1 2 1)]01 23 of 3- and 4-vaued logic functions two variables
2|10 2 1 2(0 2 0 2
310 3 2 1

Addition Multiplication
over GF(4) over GF(4)

0123 |o123
01230[0000

11 0 32 1|0 12 3

22 301 2[00 231

f H(H [ HE) [HED) [HIH T I(Fx)

(X+Y)moa3 1 2 1 1 0
(X+Y)moaa 1 2 1 1 0
Addition GF(4) 1 2 1 1 0
(XY)mod3 0.906 1.665 0.665 0.759 0.241
(XY)moda 0.876 1.626 0.626 0.750 0.250
(XY)mods 0.957 1.800 0.800 0.843 0.157
Multiplication 0.939 1.750 0.750 0.811 0.189
GF(4)

3.4 INFORMATION ESTIMATIONSOF SYMMETRIC BOOLEAN FUNCTIONS
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Symmetric Boolean functions are the subject for especid attention in logic design. That iswhy it is
interest to obtain their information estimations.

Remind that a symmetric function f(X) on n binary variables can be represented by a binary string of length
n+1, f, f, ¥ f,, wheref; is the value of function f(X) when number i of the n variables are 1. From the positions of the
information approach, the class of symmetric logic function is characterized by that the influence of each of
arguments on function is the same. It allows us to essentially reduce the computations for the information

estimations.

Let us demonstrate the calculation of condition
entropy of the Boolean function given one of arguments for
AND function of 3 and 4 variables. We show below that the
technique of computations is much more easy for symmetric
Boolean functions. Moreover, we propose some rules for the

TABLE 3.5: On computing the information
estimations symmetric Boolean functions OR,

and of 3- and 4 variables

3-variables Boolean functions

computation which are suitable for synthesis the algorithm. p(x=0) 1/8 i/8 ;/8 (1)
We will use the equation H(f|x)=H(fx)-H(x) to p(x=1) | 0 g ‘g g
compute the conditional entropy, taking into account that p(fi) Yo g s Y
H(x) for acompletely specified functionisequal to 1. fi 0 1 2 3
Example 3.4. Compute the information estimations for OR 0 1 1 1
Boolean AND function of 3 variables. Apply the following AND 0 0 0o 1

form to express a symmetric Boolean function (Table 3.5)
The entropy H (f) of Boolean function f: the probability

4-variables Boolean functions

p(0) that logic function f takes the value O is equal to p(x=0) e jllﬁ 2/16 ;/16 10
P(0)=Ye+¥s+%5="Is p(1) =Y. H(f)=-"Isx0g, /s - p(x=1)| O e “le “he s
Y xog,Y3=0544 bit. p(fi) | *he “he “he  hs

The entropy H (fx) of joint specified Boolean function f fi 0 1 2 3 4
and variable x: the probability p (0,0) of the combination OR 0 1 1 1 1

(f=0,x=0) is equal to p(0,0)="g+%s+"Y="15 the

AND

0

0

0]

0

1

probability of the combination (f=0,x=1) is p(0,1) ="+ ="/, the probabilities p (1,0)=0; p(1,1)="
are computed by analogy. The entropy H (fx) = - *g xlog , ¥/s - ¥/s Xlog » /5 - 0- /5 Xlog » /5 = 1.406 bit

Conditional entropy isequal toH (f|x)=H (fx)-H(x)=1406-1=0406 bit.

Mutual information| (f; x) between the logic functionfand avariablex isequal tol (f; x)=H(f)-
H(f]x)=0544-0406=0138 bit or I(f;x)=H(f)+H(x)-H(fx)=0544+1-1406=0.138 bit.

Let us analyze the symmetric Boolean functions of two variables through their information estimations and
extract the classes of symmetric functions in accordance with the estimations. Like Boolean functions, symmetric
logic function are grouped into. Dependent on one of variables when the influence of each of arguments on to
function isthe same

The result obtained can also be generalized for symmetric Boolean functionsn variables

Affirmation 3.1. Any symmetric Boolean functions of n variables belongs to one of three information classes:
(i) 0 - information, (ii) Saving information, and (iii) Reducing infor mation.

The Proof follows from the definition of the symmetric functions and a structure of the classes for 2-variable
Boolean function.

3.5INFORMATION ESTIMATION FOR INCOMPLETELY SPECIFIED LOGIC FUNCTIONS

The problem to manipulate by incompletely specified logic function is very actual in logic design.
Traditionally, incompletely specified logic functions are used to derive the flexibility (non-observability, non-
controllability) at a node of acircuit. In a number of cases, the problem can be solved by the trivial assignment of
values for the initial data. However, this approach is suitable for logic functions of small number of variables. For
strongly unspecified logic function, the don't care about don't cares principle.

Evaluating the information estimations for incompletely specified logic function is based on the fact that the
probabilities for assigning don't cares are equal to 0. That is way (i) it is necessary to analyze logic function for the
given values of variables; (ii) the assigning the unspecified values does not change the information about the
function.

Example 3.5. Compute the information estimations for an incompletely specified Boolean function of 3
variables given for 4 combinations (Table 3.6) .



The values entropy H (X ), conditional entropy H (f|x), mutual information I (f;x), mutual information
I (X ;%) and mutual information| (X, ; X3) aregivenin Table.3.7.

TABLE 3.7: Information estimations for an incompletely specified Boolean function

TABLE 3.6: Incompletely (Teble3.6)

specified Boolean function f

of 3 variables Entropy Mutual information

H(x) H(fIx) T(fix)  T(xiixe T(Xisxe (XX

R X1 1 0 0 0 0.31 0.31
1 0 0 1
1 1 0 0 X2 0.81 0.69 0.5 0.31 0 0.12
0 1 0 0 o S ' o T '

IV.DISCUSSION AND CONCLUSION

The interest on using information theory methods was paid comparatively recently to solve problems of logic
design. These methods are principally differed from the traditional ones and require to change the point of view on
many classical conceptions of logic functions and their manipulations. The information approach makes wider our
understanding, but its application is connected with some difficulties.

The information approach seems to be promising to solve the problem of comparison of optimization
algorithms for logic functions by evaluating each of the strategies through information estimations. An unique
possibility of the information approach to form aprognosis for the searching algorithmsis not studied yet. Applying
this property can strongly affect on the searching algorithms. A classification of Boolean functions by information
estimations allows for new possibilities for logic recognition (logic functions are very specific objects, for which itis
difficult to draw parallels on recognition, for instance, symbols and speech based on information approach). There
are known attempts to apply information approach to investigate decomposability of logic function.

Anyway, the information approach is a way to understand deeply various manipulations with logic functions
which are the base for many methods and algorithms of logic design.

Our main objectiveisto attract specialists' attention to information approach to solve logic design problems.

In this paper we systematically explain the ways to adapt and interpret the information theory methods to
solve logic design problems. We propose a computational technique for information estimations of logic functions
and their manipulations. This technique is oriented onto wide circle of specialists. We illustrate various algorithmic,
computational aspects by a number of examples.

We stand on the position that a logic functions has got information which can be estimated numerically. The
methods of the information theory allow us for such estimations. For the same time, the logic function has got many
specific features in contrast to classical objects of the information theory. We have showed here how to interpret
various information estimations for logic functions, what computational features have symmetric Boolean functions
got, how to classify logic functions from the positions of information approach.

We have systematized and developed the ways to compute information estimations for some typical methods
of description of logic functions (completely and incompletely specified Boolean and MVL functions, symmetric
functions). By other words, we propose the technique to compute information estimations for logic functions which
issimpleto understand and apply.

The approach outlined in this paper is a basis for further work. In particular, we are investigating the problem
of information estimations for strategies of logic functions minimization.
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