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Abstract - A new methad 1o describe any multivalued
logic functuon given by its truthtable, by means of 4 system
of some so-called finear arithmetical polynomials (AP). An
algorithm to represent sonmie linear AP for given k-valued
function systems and solution of reverse problem  are
proposed, A scope le reatize algorithms on linear systolic
arrayvs is demonstrated.

LINTRODUCTION

The search of the most simple. convenicnt from
organizing of computing the analytical expressions
(forms) of multivalued logic functions (MVL-functions)
1s an actual problem in logic design. The traditional
description  forms  for  MVL-functions where  the
operations of algebra of logic are used. recently so-called
AP and polvnomial-similar forms were proposed. This
allows to consider as resull of onc of directions of algcbra
of logic. ie arithmetical logic.The clements of
arithmetical logic arc used in artificial intcligence
systems for a long ume. Thus. in {!{there were
considered the results on design the lincar predicates for
the set of masks for perseptron and svnthesis of threshold
ways to solve integer programuming problems that. in
ones turn. s bascd on the results of]2.3].In|4-8]
arithmetical logic methods are used to solve some applied
problems and in [9-12]the algcbra of AP was developed
and the digital signal processing methods were proposed
10 synthesize (hese forms. A mcthod of syathesis of lincar
AP for a svsiem of soime Boolean functions 1s proposed in
{13.14]. The problem of syvnithesis of AP for k-valued
functions is the less explored in the arithmetical logic
[13] and also using the orthogonal transforms|11.12].

This paper presents a generalization of the method
to svnthesize linear AP for MVL-{unctions. The approach
of the authors consists in that to represent a sysicm of
MVL-functions by linear AP by the way of decomposition
and discrete orthogonal transform. The assumed svsicm
of some MVL-functions can be restored 1 an unigue
fashion.

2 INDEX TERMS
A k-valucd logic function
S(X)=f(x. XX Jof n variables is the logic
function given on the set {U.1....k-1} Ordered sets of
values of variables are all the possible k" sets of variables

Xps Vs X, (arguments of MVL-function [(X)) [rom
the sct {01 k-1} arranged in leesigraphic order. The
ordered sets of vanables).when n=2. k=3 are 00, 01. 02,
100 11, 12, 20, 21. 22, Basic sct of values of variables

XpXye.n, X, is such set whose values of X, (f =1.n)

AR

"

satisfv the condition:

and

x,=0(p=1,/-17+1n) Their

(n+1).For example. basic scts of variables when n=2 are
(0. 01, 10.

Let a MVL-funcuion is ginen by truthtable column

number 1S

veetor X =y v x| where (P =0K" =1

15 the value of the function on the corresponding set. The
- . . i 1

clements of vector X with indexes O, A", &', ... k"

are valucs of the function on the basic sets of variables. if

a system of m MVL-functions f,(X). f/(X)...., £, (X)

is given. then its truthtable column vector X ; is defined

as wcighted sum of vectors X, (j=0m—1) of

functions of the sysiem
ni—~1

xu': Z/""X.jv (H
j =t
The AP P(X') = P(x,.\5,....\,) of a k-valued
logic function f(X) = f(x..N,....,.\,) of n variables
is @ multinomtal of (k-1)-th power
i o 1,j=0

P(X)= Ut x®x X' = 2
(X)=Zpimios =y T @

where (1:1"71) is the j-th digit of the k-valued

representation of it P is the i-th coefficient of the AP
{1t 15 a real numben) The AP of some MVL-funcuions arc
given i Table 1.

The values of a function [(X) and values of its AP
arc the same on the same sets of valucs of variables. Any
MVL-function (X} of n variable can be represented by
AP in the form (2) [12,15].
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Table 1. AP of some 3-valued logic functions

1(X) AP

X, 2-x,

X 1+(5/2)x, - (3/2)x°
YA (5 2)xx, —x x] ~ xix, + (1/2)x/x]
NV N XX (5 20 x, +xxd R xix (1) Dxx:

Designate the coefficients column vector of AP (1)
as P=[p@ p" 2% "1 Then the pair of
orthogonal transforms P = K, Xand X = K.P (3
defines 2 signle connection between the truthtable

column vector X of g MVL-funciion fX) and the

cocficients column vector P of its AP P(X). Here KA_,,

-1 . . .
and Kk,, are direct and inverse (ransform matrices, the

K k" matrix K. s

ek , = K, QK .. @ is
product. the elementary matrix K, is found from the
equation  (orthogonality condition) K xK'=1 .

defined by the

denotcs  Kranecker

. . . . -1
where 7, is the & x & identity matrix: the clements ki

of the inverse matrix K,' are defined by the rule
ki =i'. (i j=0.k= ). The  matrices K, and

K" for some values of k are given in Table 2.

. . |
Tablc 2. Direct K, and inverse K, orthogonal
transforin matrices

k| Direct transform Inverse transform
. . -1
matrix K, matrix K
2 t o 1o
-1 1 1 1
: 2 0 0 100
3 -i=3 4 - 11 1
2
1 -2 1 2 3
6 0 0 o 1 oo g
41 01-11 18 9 » Froro
6] 6 15 12 _3 12 4 &
-1 3 -3 1 31 9 27

3.CONDITION TO REPRESENT A MVL-
FUNCTION BY A LINEAR AP
Linear AP are the most convenient as for hardware
and software realization. as 1o decrease computing
complexity of linear AP, They are written as below:
AX)=p"+p"x + PN A PN (4

where g (j= L.n) are the cocfficients of the AP

Linear AP (4) is AP (2) whose coefficients p'' =)

when 7/ =0,4" -1 and i 20, ", k' k™ cannot
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be represented any MVL-function by linear AP (4). We
define the conditions. when it can do.

Theorem. A k-valued logic function f(X) of n
variables may be represented by a linear AP P(X) if and

only if the 1-th clement (/= 0, 4" — 1) of the truthtable
column vector X of this function meets the condition

n-i

"
DI TS (B A (5)
j=i

F=
where I'"_j is the (n-j)-th digit of k-valued representation
of i.therefore. to represent a MVL-function f(X) by linear
AP. every element of vector X ought to depend on values
of the function on basic set of variables.

Find a matrix analogue of (he condition. For this we
Wrile expression (3) as foltows

A S A S A i+xT(1=300),
$=t

Form from the rows [i, i-... i {1— ZI) | k" x(n+ 1)

=t

matrix T taking into account that 1, =0k-1:

0 0 0 1
. 0 0 1 0
=
k=t k-1 =1 1ok -1

Then the condition of existing the lincar AP for a
given MVL-function is writien in matrix form as below:

X=TX, (6)
X‘:[X“" " x.t" b

column vecior formed from the elements of the truthiable
column veetor X whose indexes are

0 k'fr}) km k(n—:) k(n—l)
For example, for a MVL-function when k=3 and

n=2 condition of lincarity (5) and its matrix analogue (6)
are writlen as below:

X" x“"] isthe (7 +1) x|

o=y, <1 To ]
X = g 3] | 0
Yy =ly - X 0 2 -
r = x I 0 0 v
¥ =x 4+ -y =91 I -1 X
=2t e 22 | 12 3]y
X7 = o e X 2 0 -1
X o= x ey oA |y 201 =2
R N L R LY

4.CONDITION TO REPRESENT A SYSTEM OF
SOME MVL-FUNCTIONS BY A LINEAR AP
Write the condition. (3) for the svsiem of MVL-
funclions given by vector Xy (. A system of m k-

valued logic functions f,(X), f,(X)..... S (X) of n

variables may be repsented by a lincar AP D(X) if and



only if, i-th element (/ = 0,4"” -1) of the truthtable
column vector X ; of this system meets the condition

n-1 n
zd(kl)"m - Zj} ). M
1=0 =t

The condition in matrix form is written as

xd = ]X'd
where X'd = [d(""") dlk"“’\ S u’f”"] ®)

1s the column vector formed from the elements of the
truthtable column vector X 4 whose indexes are

0, K KU K2 K™Y Conditions (3)-(8) are used to
find whether a svstemm of MVL-functions is represented
bv a lincar AP.
For example find if the svstem of the functions
JX)=x fi(X)=x (k=3n=2)is presented
bv a lincar AP.

The truthtable column ~vectors of the initial
functions. Thescare X, = [0 126 120 1 2y and X, =|0
G011 122 2] and according to (1) the vector X, is
equal Xy =R"X,+R'X;=[0 12345678 |Sincc X,

= [3 I U] then condition (8) is truth. and the assumcd
svstem of MVL-functions can be represented by the
linear AP computed by
P=K.X,=[01 030000 0fPA=x +3x.(3)

The condition obtained in this scction allows to bring out
an opportunity o represent a syvstem of MVL-functions
bv an AP. The cardinality of a class of the funclions mel
condition {3} is not great and cqual (k+2n) functions.

when the number of MVL-functions is A ¢ Soine limits
of exploitation of lincar AP 10 represent MVL-functions
arc due to this fact.

d" = +d (1

S.REPRESENTATION OF SOME MVI.-
FUNCTIONS BY A SYSTEM OF LINEAR AP
If the conditions of existance of a linear AP arc not
fulfilled then the following approach is proposed.
Represent the truthtable column vector X of an initial
MVL-function f(X) by the system of m column vectors
Xo. X, X, o where m=JK" [ (n+ D). Jaf is the
Icast integer proximated Lo a. In casc of nced the vector N
is supplemented with seros 1o the required size. Write the
orthogonal transform in the basis K, | over cach vector
X ; (J=0,m—1) of the system
P =K_.X, ©))
where the matrix K,h
i . : . .
K, K, =1,:1. is the (IH-I) x(n+1) identity
matrix; the (p.s)-th clement A
formed by the rule
R R I«
k=i

a Y

; 1s found from the matrix equation

. -1 .
of the matrix K| is

»r

(Lg=0.k"k'.... k"), (v
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/j and g, are j-th digits of the k-valued representation of

tand q (j = l._n).Several matrices K|, and K
given in Table 3.

Table 3.Dircct K

, are

H+

and inverse K n.y lransform

n+l

matrices
n K,. K”'I
2 [ U Moo
-1 10 11w
[-1 0 1] AR
3 1000 L 000
-1 100 1100
-1 010 Lt oto
-1 0 0 | 1001
4 P00 0 0 10000
-1 1000 11000
~t 0 1 00 10 100
-1 00 10 P00 1o
-t u 0 0 | I 00 0 1
Fxample Represent the MVL-function
JOX) =, vy, (k=3 n=2) given by its truthtable

columnvector X=[01234112342223433334
4444 4 by a lincar AP.Divide the vector X into
m= k"1 (D) =

vectors

Xo=[0 1 2].Xy=[3 4 1].X,=[1 2 3].
X,=[4 21X, =[2 3 4]X;=[3 3 3]
Xe=[3 4 4]X,=[4 4 4]Xg=[4 0 0]

supplementing last vector with  scroes. Then

orthogonal transform (V) over ¢ach from them
o ollo 0

P=AX =j-t | 0f|!l]=

-0 2] |2

cxecule

Allle}_.,OUS\ receive:

=l 13R=}4 2 AP =21 2]
R:[J 0 0|R=[31 1]:P=[4 0 Opds 4 4
Form the svstem of lincar AP
PO =x +20 X)) =3+x -2 (X)) =4-4x ~4r
The computation of the clements of the vector X executes
by ol substitution of the basic scis of values of variables

Apoand N, (00, 010 10) ino each polvnomial of the
svsicm (Tablc 4).

6.COMPUTING THHE COEFFICIENTS OF AP ON
LINEAR SYSTOLIC ARRAYS
The array consists (n-1) CCs. every CC includes a
switch (8). accumulator(A). block of FIFO registers

(Rg,.Rg,.....Rg,). generator of basic sets of
variables (GN) and rate control block (€B). Arithmetic
sign of data. coming from Rg, o CB is changed when



synthesizing linear AP and isn't changed when
computing. The functioning of the systolic array when
synthezing linear AP is realized as follows. Previously
the elements of vectors X o, X1,..., X -1 are written
in to block of registers of all CCs. such that the elements
of vector X () are written into the first registers of all
CC.the elements of X; afe written into the second
registers and etc. Values of variables
x,=0,x,= 0,..., x, =0 of basic sct from GN become
to the control inputs of all swithes during the first cycle.
This cycle is repeated (m-1) times. and the coefTicients of
the full system of linear AP. describing the initial vector
X. are formed. The solution of the inverse problem
(computing the values of veclor X) is analogously
fulfilled. but elements of vectors Pj are written in block
of register. Thus to compute the elements of the vectors
P; or X it is required A" cvcles of the array’s
functioning

Tabic 4.Representation of MVL-function
S(X) = X, v X, by a sysicm of lincar arithinetical
polvnomials (k=3. n=2)

Linear AP Varabies Sub- | Ve
yeetlors clor
Basic | Ordered of X
NNy LY vector X |
0 0 0 ] 0 0
P Xy=x,+2x ] 0| L o]V IXg}l 1}
1 0 0 2 2 2
0 0 0 3 3 3
PO=3+5-2q] 0 1] o]+ X | 4]+
1 0 1 0 1 i
0 0 | | | 1
AX)=l+x,+2x | 0 | | 1] 2 IXx) 242
1 0 ] 3 3 3
0 0 1 4 4 4
BX)=4-26-2q| 0 | L |20 |Ns]2]2
1 0 2 1 2 2
0 0 2 2 2 2
PO=2+x5+2q| 0 | 11 2|3 [Xgp 313
1 0 2 4 4 4
0 (} 3 100 3 3
P(X)=3 ol 1|3l 1N« 33
1 () 3 2 3 3
0 0 3 3 3 3
P(X)=3+x3+x | 0 1 34 INg 4104
1ol 4 10 3|4
0 0 4 1 4 4
P(X)=4 ol 11 4] 2|X,] 4134
1 0 4 3 4 4
0 0 4 4 4 4
RX)=d-dx,—dq{ 0 i 1t | - | - |[Ng] O] -
1o -1 - o | -

8.CONCLUSION
The linear arithmetical polynomyals “proximated”
an initial MVL-function have a number of featuters being
important for to organize computations: each of them

describes only m=]k"/(n+1){-th part of imual

funcition: the values of polynomials are computed for the
same sets of variables. i.e. basic sets (independently from
sets of variables functions): the values of polynomials are
computed only with help of arithmetical operations of
addition and substruction (the scts of variables have
values “07 or ~17 that excludes multiplication). the
polvinomial of k-valued functions are not depend on k
(only their number and values of cocflicients). the
polvnomial are computed in integer arithmetical excludes
errors. the computing and synthesis of polynomials are
fuifilled by means of matrix transforms that allows to
receive parallel algorithms. the polynomials of the
svstem are not depended on each from other that allows
to form them and compute their values in parallel.
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