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Abstract
The paper extend the new conception of an arithmetical analogue of Boolean Difference onto a wide
class of operators such as Arithmetical Derivative of a Boolean function with respect to vectors of variables.
Differential with respect to variable, Total Differential and others. Some properties of the introduced
operators are shown to apply for analysis Boolean functions represented by its arithmetical polynomials
forms. including finding tests for switching circuits. All algorithms are represent both in symbolic and
matrix form.

1 Introduction

Arithmetical representation of Boolean functions have been applied in computer science for a long
time, in particular, in synthesis of threshold elements in [12], pseudo-Boolean and integer programming
(6.8]. fault detection in switching circuits [7.13], Boolean functions systems representation and Petri
networks modelling [10.11,14], binary dynamic systems, finite automata analysis [4,5], logic design [3].

A definition of an arithmetical analogue of Boolean Difference was considered in [16], and a partial
Gibbs derivative on finite dyadic group was introduced in [2].

We accept, as a base, a conception of the so-called logic Taylor expansion whose coefficients are the
values of some Boolean Differences [1,15]. Drawing parallels between the family of logic Taylor
expansions (the family of Reed-Muller forms with fixed polarity), a definition of Arithmetical Derivative
for Boolean functions was formalised in matrix form and generalised for multivalued logic functions
[17.18]. A development of a class of such operators presented in the paper, enriches the Arithmetical Logic
in both theoretical and practical areas.

2. Arithmetical Derivatives for Boolean functions

The analogue of logic Taylor series in arithmetical logic is the following canonical form describing a
family of 2" arithmetical forms with fixed polarity [13,14,17,18]
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where ¢ €0,2" —1 is the value defining the polynomial's type so that
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1 when < 6(0,]),ij =0
€1y €y o i the binary representation of ¢; j = 1L, pgf) are the coefficients of the polynomial P.(X).
Proceeding from the fact that coefficients of the Logic Taylor expansion (Reed-Muiler fixed polarity ¢

form) are the values of multi-order Boolean Differences of the function f{X) in the point C €0,2" -1 [15],
the author has accepted in [17,18]
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The Derivative introduced by such way was defined as the Arithmetical Derivative of a Boolean

function with respect to variable x, [17.18]:

A0 B =~ (ki) + (G Kr). (1)

It follows from (1) that this Derivative can
take the values 0, 1.-1 and indicates the direction
of changing a function (Table 1).

Table 1
The possible values of the Arithmetical Derivative

The matrix analogue of expression (1) is Sy X Xy0) FX e Xpnen X) ;”f(X)/;“x
defined by the formula [17,18] 0 5 5
0 1 1
AX /e, = AW X . (2) ; 0 ]
where 2" x 2" matrix A.()iz) is formed by
the rule
@ -1 1]
A =1,,® ®I,..
2 2 1 -1 2
A m-ordered arithmetical derivative with respect to variables x; .x, .....x; < (x| X5,...x,) of a
Boolean function f(X)= f(x;.x,,...,x,) isdefined in matrix form as
H(m) Y - .
B L AP VAP S €
G, X, O = >2

m

The result of computing the arithmetical derivative ;“f(X) / E".\', in symbolic form is defined by an

algebraic sum of some minterms m, @ f *(x.x2,....X, )= Z m, . which is an analogue of notation “sum of
!
products™ for a Boolean function.
Let us consider some properties of the Derivative which are quite different from the according
properties for Boolean Differences.

Property 1. Arithmetical Derivative of a Boolean function with respect to variable x, is calculated by
the following expression:

PFO[Ex = (DY (- (-0 + £y,
Proof: Using the canonical expansion f(.X) =xf(x =0)+xf(x =1), we write
BF0[ Py =~ f (s =0+ 3 /(5 =D+ f(5 =0 +5 /(5 =D =
= (=, + ) (g =0) +(% +x)f (g =D =(=% +xX-f(x =0) + f(x =1))
The expression (~¥, +x,) when X;=0 is equal to 1=(-1). and -1=(-1)" when X;=1, i.e. we can write that
(—% +x)=(-1".
Example . Let us compute the Arithmetical Derivative with respect to variable x; of the Boolean
function f(X) =X X,X3 VX 1X,X3 VX X,X;3 VX X,X3 given by its truth column vector X=[01101001]. We
use expression (2):
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Then

116



(gf(,\')/[xl TX (XX T XXy XXy XX ) X (XN ~Xa Xy — XXy XXy )=
= (=) (X3X; —XaX3 ~ XXy +Xo1y)

The truth column vectors of all Derivatives and all comresponding fixed polarity arithmetical
polynomials for the function considered in Example 1 are shown in Table 2.

Table 2.
Values of arithmetical derivatives and their connection with values of arithmetical polynomial coefficients
for the Boolean function f(.\) =¥ ¥;x; v Xx,X; VX, X5 X5 V X[X38;5

i 0 1 2 3 4 3 6 7
C | cieacs | iyisis | 000 | 001 010 011 100 101 110 111
oy c 2y AX A2y A2y ANy
Pe | X R, oy cxyex Fxy Cxy Ay
01000 Py 0 1 1 -2 1 -2 -2 4
1 1001 P, 1 -1 -1 2 -1 2 2 -4
21010 P, 1 -1 -1 2 -1 2 2 -4
31011 P 0 ! 1 -2 1 -2 -2 4
41100 P, 1 -1 -1 2 -1 2 2 -4
51101 P 0 1 1 -2 1 -2 -2 4
6110 P 0 -1 -1 -2 -1 -2 -2 4
71111 P; 1 1 1 2 1 2 2 -4

Property 2. Arithmetical Derivative of a Boolean function with respect to variable v, depends on this
variable.

It follows from Property 1.

Theorem 1. A Boolean function is arithmetically linear with respect to a variable x, if its Arithmetical
Derivative with respect to this variable takes values 1 or -1 (its truth vector consists from 1 and -1) and
(m+1)-order Derivative with respect to x, and other variables Xgon Xy €(X0x,)

“Am+1) -
i AR
.92 PRSI

Proof. We will proceed from the following definition of arithmetically linear Boolean function: a Boolean
function f(Xj is tinear with respect to variable x, if it is represented as

JXT=h X+ (X 0 X Xy X
where k=1 or -1. Taking into account Property 1. we write

;f(\)/?\r = —(bl +g(,\‘| “"'\’IAI"\‘l‘!"“xn)_*—(k‘i‘—l +g(‘\‘|"‘XIA]'X.[+]“‘XH):
= —kx, kY, = k(=x, +T,) = k(=)
Then &) f(X)/dx,8x, = —k(=1)" + k(~1)" =0.
For example. function f(X)=X,X,x3 Vv X|x5X; v X;X,X; v x;x,x, 1S not arithmetically linear with
respect to variable x, (see Table 2). because Arithmetical Derivatives & f(X)/dx,0x, F(X) | &, Ox,

are not equal to 0. So. it arithmetical polynomial form is P(X)=x;5+x,-2x2x5+x,-2x,x3-2x Xt x0x;. At the
same time, this function is linear in usual sense since it corresponds to the linear Reed-Muller expansion
x; D xy D xy.

It should be indicated that the second property allows to identify arithmetically linear Boolean
functions. It is very important to analyse arithmetically linear systems and automata [4,5].

3. Arithmetical Derivatives for Boolean functions with respect to Vector
of variables

Let us introduce the definition of Arithmetical Derivative with respect to vector of variables using
analogies with the same type of operators in Boolean algebra.

Definition. Arithmetical Derivative of a Boolean function f/X) with respect to a vector of variables
X,:(xil s Jc,-2 ,...,x,-m ), X, © X, is defined as follows
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CL(N)EX, =—f(X,. X))t f(X,. X,
) XWXy, X, =X, X=(%, % ...% )A

where X =( xp X 0%y 0% ;
Definition. Arithmetical Derivative of a Boolean function f{X) with respect to a vector of variables .\,
in matrix form is expressed by
—=alx, @
; 2

where

0

A;;l\'l) ] +H 2ll + 2n = lzlﬁ'l ®1:1 O:|®] neip = LT

A connection between the Arltl]meucal Derivative with respect to vector of variables and m-order
Derivative is described by the equations

F X A A \’) 22“( PSS (69
Ax, \xiy,-0x ) T 63‘.1,1&/22“'(%‘.{:) Ez\,l TS é’( ,jl', ,22,.,x,./"’,")
&, o j, =1
where J = Z J& s td2.4fm is binary representation of j; c&j‘" =5 Tr
k=1 r ]?J'p =0.

4. Arithmetical Differentials for Boolean functions

Here we extend the class of Differential operators by introducing analogues of Boolean Differentials
for Arithmetical Logic. We use a conception of the Differential dx, of variable x, as for Boolean case [1,15] :
dx; = x, ® x;* , where x; and x;* are an initial and final values of variable. Taking into account this, we write
the partial Arithmetical Differential with respect to variable x,

g’,\‘,f(‘y) :‘f(xlvvxj-'vxn)+f(xl.~'7-xj @d’.‘,,.’.\‘") .
The following equation is true for this operator

d, [(X)=dx, Gﬂ”

il
being the generalisation of the same notation for Boolean partial Differential [1).
A matrix interpretation of the expression is of the form
d. X=a"x%

?
where matrix 4" is formed from matrix A( )and 2°x2" matrix Oyn by the rule

.,

2

A 1
40
o
And we define a Total Arithmetical Differential of a Boolean function f(X)
df (X)=-f(X)+ f(XDdX).
A connection between the Total Differential and Arithmetical Differences with respect to variables is
described as follows

J AT S T
dxi'dxy?..dx}"

_ "1 = )
df (X) = Z__ai__[_(_i)__

W W R W
o &tk
We give the definition of the total Arithmetical Differential in matrix form
dX=4 X,
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where 4 = Az" ,A;, . —12“ + H (Dz(f,))”" » P=02" =1, pipy..pa is binary representation of p
i=l

5. Application for finding tests in switching circuits

The Arithmetical Derivatives with respect to variables can be used to describe the conditions to detect
stuck-at faults in switching circuits. Moreover, the features of the operators defined in section 2 allow to
define how the value of the output function have been changed - from 0 to 1 or from 1 to 0.

The conditions to observe a fault in input x, and transportation it to output is formally written by the
following system:

ZACINNN{C ol
Z’x, ’ Ex,.
Using these equations, the expressions to find tests can be formed. So, to find tests to detect stuck-at-o
fault, the following system is applied

Sf(X af(X
X, 4.2:]’ X; _{( ):-]‘
ox; Ix;
The equations below are useful to form tests for stuck-at-1 fault detection
Jf(X af(X
2L L drn
ax; ox;

The finding test in the case is not quite different from methods based on Boolean Differences [15], but
the process of applying the obtained tests is more similar. So, to conclude that the fault is available, it is
enough to fix the output value when testing. It is not required to compare this value with the true value f(X)

- Thus, if a test is obtained from the first equation of system (when gf(X)/gxi =1), it is means that true
output value is equal to 0, and the false value is 1. If a test have been found from the second equation of the
system (when Ef(X)/Ex, =-1), then true and false values are correspondingly equal to | and 0. Therefore

the conclusion about available of the fault in
input x, can be made from the output value
fixed when testing (Table 3).

Table 3
The values of Arithmetical Derivatives to indicate the fault

Lxample. Let us find the tests to detect = = : :
. t val
stuck-at-0 and stuck-at-1 for input xy of the 5f(X)/0”x, Fixed output value CO::;;ZLOIZ ;?:U(
switching circuit realising the function fault
considered in the example above. Results of l 5 o
computations in matrix form are represented 1 i Yes
in Table 4 (X; denotes truth vector of -1 0 No
function x3). -1 ! Yes
To detect ,stuck-at-0” fault in input x;,
we can use one of tests 001,011,101,111, Table 4
tuck-at-1" fault - f t The values of Arithmetical Derivatives and tests to

and ,stu ul one of tests
000,010,100,110. For instance, when using detect ,stuck-at” faults
test 000 we have to fix the output value: if it ax ax - X
is equal to 1, the ,stuck-at-1” fault was | xixzx3 | XX, > X3 % X3 )
occurred in input x; (we have not to know 3 3 3
true output value and compare it with gg? ? ? ll (: (l)
observed one). 010 il oo q 0 o

011 Q 1 1 1 0

100 1 0 -1 0 -1

101 0 i ! 1 0

110 0 0 1 0 i

111 1 1 -1 -1 0
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Conclusion

The new operators considered above represent, in total, the extension of the Boolean Differential Calculus
to Arithmetical Logic. It practically means

- an efficient application of the whole potential of the Boolean Differential Calculus when arithmetical
extending of the last one as tools to analyse the binary discrete [1] and discrete-time systems {4,5];

- a using the considered operators together with arithmetical canonical forms for Arithmetic Modelling in
binary process control {4]. ‘ )

The worked out matrix algorithms to synthesise these operators allow to realise the parallel computations. It
means

- an overcoming the problems of symbolic computations such as complexity and , small size™ limitations,

- a practical possibility to realise the computations on homogeneous paratlel processors, in particular,
systolic arrays {9].
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