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Abstract

We introduce a technique to compute several informa-
tion estimations for Boolean and multivalued functions.
Special features of these estimations for completely and
incompletely specified logic functions, including symmet-
ric logic functions are investigated. Finally, we give an
algorithm for determining various information measures
Jor logical functions based on decision trees.

Keywords: information theoretic approach, informa-
tion estimations, entropy, logic design, Boolean func-
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1 Introduction

Let E, = {0,...,m — 1} be the set of logical values.
Unless otherwise specified we assume that all logarithms
are in base m. If M is a set, we denote by Seq(M) the
set of sequences of elements of M. The length of a
sequence q¢ € Seq(M) will be denoted by |g| and the set
of sequences of length k in Seq(M) will be denoted by
Seq, (M).

Let Dg,...,Dny be n sets and
let v = (ug,...,uUn-1) €€ Do x --- X Dp_; be an n-
tuple. Its restriction (u4,,---,u;,_,) will be denoted by
ufig - - -ig—)-

In this note the term function refers to partial functions,
unless specified otherwise. The domain and range of a
function f will be denoted by Dom (f) and Ran (f),
. respectively.

An m-ary U-ordered tree is a function T : Seq(Epm) —
U whose domain is a prefix-closed, finite subset of
Seq(E,,). We refer to the elements of Dom (T) as the
nodes of T. A leaf of T is a node q of T such ¢ is a not
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a proper prefix of any other node of T. The nodes of an
m-ary U-ordered tree are partitioned into levels. The
j-th level of T is Tj;; = {q¢ € Dom (T) | |g| = j}.

An information theoretic approach to solve logic design
problems was tried for more than two decades. Typ-
ical issues that received attention include estimations
for complexity of logic functions and characteristics of
the interaction between values of functions and their ar-
guments. In other cases, the information theoretic ap-
proach provided an alternative to traditional methods
and approaches, in particular, when solving logic tasks
through decision trees. Some of the earlier work (3, 5]
deals with the conversion of decision tables to decision
trees. Goodman and Smyth (4] proposed a general top-
down mutual information algorithm to design decision
trees from deterministic decision tables. A natural step
is to use this result for minimization of logic functions.
Because the truth table of logic function is a special
case of decision table, the approach presented in [5] can
be applied to the logic function minimization problem.
It was shown in [6] that a minimal sum-of-products for-
mula for a Boolean function can be obtained by entropy
evaluation. In [8, 9] the results achieved in [6] are gen-
eralized to MVL functions. A notably successful appli-
cation of the information-theoretical approach are the
results on the relationship between entropy and the av-
erage power consumption of the circuits generated from
Boolean functions (see [2]). The entropy measure was
shown to provide an effective power estimate for single-
output, multiple-output Boolean functions. A method
to determine the entropy of large logic circuits was pro-
posed in {7]. In [14] an information theoretic approach
for the generation of near-optimum sequential fault lo-
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cation experiments is proposed. In (12, 1] it is shown
that, unlike the notation of entropy of a probability dis-
tribution, the entropy of function can be regarded as an
algebraic rather than a probabilistic concept. It means
that a function (including a logic one) have so called
functional entropy as a numerical characteristic, satis-
fying the group of axioms.

References [13] and (10] provide further interesting ap-
plications of information-theoretical approach.

The techniques proposed in this paper for computing
information estimations for logic functions include rules

to compute entropy and information quantity for com- -

pletely and incompletely specified logic function, and
for symmetric functions. Most examples are formulated,
for simplicity, using binary functions; however, the algo-
rithms presented have universal applicability to Boolean
and multi-valued functions.

2 Information Measures of Functions

We assume that all combinations of values of variables
occur with equal probability. A value of a function that
occurs with the probability p carries a quantity of in-
formation equal to — log p, where p is the probability of
that value will occur.

The dependence of a function on an arbitrary variable
can be expressed by the notion of mutual information.

The information carried by the value a of z; is I(z; =
a) = —log p, where p is the quotient between the num-
ber of tuples whose i-th components equal a and the
total number of tuples. Similarly, the information car-
ried by a value b of f'is I(f = b) = —loggq, where ¢ is
the quotient between the number of tuples in the do-
main of f and the number of tuples for which f takes
the value b.

Example 2.1 If f : E', — E,, is the function defined
by

x;

flojojol1lo

then the information carried by the values of =i
is I{z; = 0) = —log,3/5 0.737 bit, I(z;
1) = —logy2/5 = 1.322 bit; the information carried
I(f = 0) = —logy4/5 = 0.322 dit and I(f = 1) =
—log, 1/5 = 2.322 bit.

Recall that the conditional probability of a value b of a

function f knowing the input value a of z; is

P(f=b)A(zi =a))
p(zi = a)

p(f =dlzi=a) =

Similarly, the conditional probability of a value a of z;
given the value b of the function is

p((f =b) A (z: = a))
p(f =b) ’

Example 2.2 For the partial Boolean function consid-

plei = alf = b) =

. ered in Ezample 2.1 we have
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p(f=0Az;=0)=3/5 p(f=0Azi=1)=1/5
p(f=1A2;=0)=0, p(f=1Az:=1)=1/5

Then,

p(f = 0jz; = 0) = (3/5)/(3/5) =1,
p(f =0lz: =1) = (1/5)/(2/5) =1/2
P(f = 1|:B,' =0) =0,

p(f = Uz = 1) = (1/5)/(2/5) = 1/2.

Definition 2.3 The relative information of the value b
of the function given the value a; of the input variable
z; is I(f = blz; = a) = —log,, p(f = bl|z; = a).

The relative information of the value a; of the input
variable z; given the value b of the function is I(z;

a|f = b) = —log,, p(z: = alf = b).

Example 2.4 For the function considered in Ezam-
ple 2.1 we have
I(f=0|z;=0)=—log, 1 =0
I(f =0|lz; =1) = -log, 1/2 =1
I{f=1z;=0)=0
I(f =1z; =1) = —log,1/2=1.

Note that when the probability equals 0 we suppose that
the relative information is equal to 0.

Definition 2.5 The mutual information between the
value b of the function and the value a of the input
variable z; is
I(f =b;zi = a) I(f=b)-I(f=blzi=a)
p(f=b) Az =a)
p(z: = a)p(f =)

The mutual information between the input variable z;
and the function f is

I(f;x:)

3 S p((f = be) A (s = a)I(f = byizi =)
k [4

33 p((f = b) Az =ar)
k [4

p((f = bk) A (zi = ar))
p(zi = a)p(f = bx)

I

= log

-log




Example 2.8 For the function considered above we ob-
tain I(f,z;) =0.6-0.322-0.2-0.678 +0+0.2-1.322 =
0.322 bst. :

The mutual information between an input variable z;
and a function f is used as to measure the dependence of
the function f on the values of the variable z; and vice-
versa. In the above example, it means that z; carries
0.322 bits of information about the function f.

Sha.nnon’s entropy of the variable z; is H(z;) =
Zt—o p(z; = a¢)logp(z; = a;), where m is the num-
ber of distinct values assumed by z;; similarly, Shan-
non’s entropy of the function f is H(f) = Zk-o p(f =
bi) log p(f = by), where n is the number of distinct val-
ues assumed by f. :

Example 2.7 For the function speczﬁed in Example 2.1
we have

H(z;) = —0.6 - log, 0.6 — 0.4 - log, 0.4 = 0.971 bit.
The entropy of the function is
H(f)=-0.8-log, 0.8 —0.2-log, 0.2 = 0.722 bit.
Proposition 2.8 The following statements hold:
1. For: any variable z; we have 0 < H(z;) < 1; simi-
larly, for any function f, we hgve.O <H(f)<1.

2. The entropy of any variable in a total function is
1.

3. The entropy of a constant function is 0.

Definition 2.9 The conditional entropy of a function
f given a value a; of the variable z; is

H(fla)
m-1
= 3" p((f =b) Az = a))I(f = bilz: = a;)

i=0
m-~1

-3 p((f=b)A(z =ay))
i=0
Pf=0)A(zi=a))
p(zi = a)

The conditional entropy of a function f given a variable
T; is

Il

: logm

m-1m-—1

= =3 > p((f=b) Az = ax))

=0 k=0

‘log,, p((f = bs)l(z

H(f|z;)

i = ak)).

The joint entropy of the function f and the variable z;
18

H(fz)
m~1lm-1
= = > p(f=b)A(zi=ax)
j=0 k=0
-log, p((f = b;) A (z: = ax)).

An elementary computation yields H(fz;) =
H(zi} = H(zilf) + H(f).

H(flz:)+

Example 2.10 Estimations for eniropies and mutual
information for binary functions are given below:

Entropy Mutual Info.
‘ A{f)y | H{fzo) [ H(fIz2) [ 1T Z0) | I(J:21)
const0 0 0 0 0 ]
ZoZ1 0.81 0.5 0.5 0.31 0.31
ToZy 0.81 0.5 0.5 0.31 0.31
1| zo 1 0 1 1 o
L 1Y Y 0.81 0.5 a.5 0.31 0.31
z1 1 0.5 0 0 1
To © T2 1 1 1 0 1]
Zo + 2, 0.81 0.5 0.5 0.31 0.31
zo T 21 0.81 0.5 0.5 0.31 0.31
To ~ Iy 1 1 1 0 o
E ] ) 1 0 0 1
Zp — Ty 0.81 0.5 0.5 0.31 0.31
Zo 1 0 1 1 0
) — Zg 0.81 0.5 0.5 0.31 0.31
zo | 21 0.81 0.5 0.5 0.31 0.31
constl 0 0 0 0 0

Note that dual Boolean functions have similar entropic
characteristics.

Similar estimations are given below for multivalued
functions:

f HU) [ H(f=) [ H(f[=z) [ H[N) T I =)
(2 + YImod 3 1 2 1 1 0
(Z + Y)mod 4 1 2 1 1 0
(zY)mod 3 0.906 | 1.665 0.665 0.759 | 0.241
(ZY)mod 4 0.876 | 1.626 0.626 0.750 | 0.250
(ZY)mod 5 0.957 | 1.800 0.800 0.843 | 0.157

Note that uncertainty of variables is maximal for total
functions; in this case, the mutual information of vari-
ables is 0. Also, H(zi|z;) = 1 and I(z;|z;) = 0, for any
such variables.

Example 2.11 Consider the binary, n-argument sym-
metric functions fI , and f}. that give the conjunc-
tion and disjunctions of their arguments, respectz'vely
For fI ., the probability associated with 0 is p(fJ,, =

0) = (2" —1)/2", while p(f2., = 1) = 1/2". Similarly,
for fI we have p( f,,r =0)=1/2" and p(fa =1) =
(2" -1)/2n.

1

H(fand) —' - (1 - —-) Iog(l - 1
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and an equal value is obtained for H(f).

The value of the joint entropy of a symmetric function
and a variable does not depend on any particular vari-
able. Note that

1
p(fra=0Az=0) = 3
1 1
Pfana=0Az=1) = 3" 5
p( :nd=1/\x=0) = O
1
Pfa=1Az=1) = o
which means that
' 1 n 1 1 1 1
n g — — - — —— — — ———
H(fina®) = 5+ 35 = (5 = 37 108(5 — 52).

Thus, we can compute the conditional entropy
H(f5qlx) and the mutual information I (fl.a:T) as

H(fqlz) H(f7naz) — H(z)
I(f:nd;z)

H(fna) — H(fT,al2).

Mutual Information and Entropy for
Functions and Sequences of Argu-
ments

Let f : EX — E,, be an n-ary function and let
(z,-,,a:i,,...,xiq) be a sequence of arguments of this

Theorem 3.2 The mutual information between a se.
quence of distinct variables (Tigr---,Ziy_,) and the
function f is given by I(fizig - 2i,_,) = H(F) +
H(ziy - xiy_,) — H(fziy i, ).

- The influence of the variables z;, ..., x;,_, on the func-

tion f is measared by I(f; z;, T,y )

4 Evaluation of Entropies and Decision
Trees

Decision trees are used in this section for organizing
the computation of various types of entropies and my-

" tual information estimates. We give algorithms that

‘compute the conditional entropy H(f|z;, Ty, ) as

- average uncertainty of a function f given values of in-

function. To simplify our notations we will denote the

event (f = b) simply by b; similarly, (zi, = a;,) will be
denoted by a;,. The conjunction of two events E A F
will be denoted by EF.

Theorem 3.1 The joint entropy of the function f
and the sequence of distinct variables (Tig,-- -, Ti,_,),
H(fziy - zi,_,) is given by

H(fxio o 'qu—t)

H(f) + H(ziol f) + -+ + H(zi,_, |f2ig - 24, ),
H(ziq-—l ) + H(qu-z Iziq—l) +

M H(Iiulxil v .xiq—l) + H(flziq—[ o 'xio)-

i

The conditional entropy H(f [Tio -+ -3, _,) is given by
H(flgig -+ zi2y) = H(fzig -~ 25,_,) = H (s, STy ).

The mutual information between a function and a vari-
able z; can be expressed in entropy terms by I(f;z;)
H(f) - H(f|z;). Similarly, we have:

I(f;2:) = H(zi) - H(=ilf).

(1)

Next, this result is extended to a sequences of variables.
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put variables z;,,...,; _, and the mutual information
I(f;Zi, - - 2i,,) as a measure of the influence of the
variables z;, ---z;,_, on f. These quantities are given

by
H(flziy -~ 2i,_,) @)
=H(fzi, i) = H(zig -+ 35, _,)
and
I(f;zio "'qu—x) (3)

=H(f) + H(zio - - zi,,) = H(fzig - 34 _, ).

We attach two types of labelled ordered trees to any
logical function.

Definition 4.1 Let f E} - E, be an n-
ary, m-valued function and let ¢ = (TigyevesTiy_y)
be a sequence of k distinct variables. The A-
decision tree of f and q is an m-ary P(Dom (f))-
ordered tree T/ such that T'ap---qi-y) = {u €
Dom (f) | ulzig - 2i,_,] = ag--a1-,}, for every se-
quence ap - - - aj—, € Dom (f).

The B-decision tree of f and q is an m-ary P(Dom (f))-
ordered tree S/'% such that S/9(bay---a;_,) = {u €
Dom (f) | f(u) = b andufz,,---z;_,] = ao---ai-1},
for every sequence ap---aj_; € Dom (f) and b €
ran(f).

Example 4.2 Consider the function f : E} — E
defined by the table:

2o | 2y | 22 | f(z0,21,22)
uo 0 [i] [)) [4]
u 1] 0 1 0
us 0 1 1 1
Uy 1 0 (1] 1
ug 1 0 1 1

The A-decision tree T/*0%122 jg given in Figure 1, while
the B-decision tree S/*0%1%2 i3 given in Figure 2.



Using the .4-decision tree T ¢ and the B-decision tree
s/4 we can calculate the entropies H(r) and H{ fr)

Consequently, we obtain

. . . ) H(flzo) = 0551, H(zo|f) = 0.551, [I(f;zo) = 0.420
respectively, for any prefix r of g, including ¢. Note H( f[:(:) = 0.802, H(z?{f) = 0.551, I(f; :2) = 0.169
that the j-level of T/ defines a partition of Dom (f); H(flz2) = 0950, H(z2f) = 0950, I(fiz2) = 0021

a block of this partition contains all tuples u such that
u[:l'io e Iij-l] =qq-- 'aj—l~
The total numerical function R, : {1,...,m} — R is
given by

Rm(k) = —(k/m)log,(k/m)
for 1 < k < m. For example, R is defined by the table

1
0.464

3 i 3]
0.442 | 0.958 [ 0 |
Now, the entropies H(r} and H(fr) can be ex-
pressed using the - and B-decision trees T/ and
s/9 for any prefix of the sequence g of variables as

O e

=
({8 0.529

These estimates show that the variable zo is the one
that influences most the value of the function f (since
I(f;z0) 0.420);- variable T, is weakly connected
with the other variables since I(xo;z,) = 0.169 and
I(zg; z2) = 0.021. In the same time, I(z; z2) = 0.633.

5 Future Work

We mention two problems that require further atten-
tion. The possiblity of defining the conditional entropy
and the mutual information between logical functions
(rather than between functions and variables) should

H(r) = = Z{Rm (T a0 a)p-1)]) | Qo Qg € be investigated. This should help classify and recog-
Dom (f)}, nize multivalued functions. Also, an axiomatization of
and H(fr) = -3 {Rm(S"(bag--- ar-)) | the notion of various types of mutual information seems

ao---a|r—1 € Dom (f) and f(ao,...,a,q‘_l) = b}.
Example 4.3 The table contained in Figure { shows
the computation for several entropies associated to the
partial function f : E3 — E, given in Example 4.2.
They correspond to decision trees of depth 1. To ez-
plore further the entropies associated to f we need to
use decision trees of greater depth.

The entropy H(zox,) for the jointly specified variables
Zo,1) is H(zox,) = Rs(2) + Rs(1) + R5(2) = 1.522, as
it can be seen by inspecting the A-decision tree shown
in Figure 1. This allows us to compute the conditional

desirable, along the lines of various axiomatizations for
entropy.
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o
{uo,ur, us, va, us}
Il
{u07ul} {1‘3,1}4, u5}
Ta 0
{uo, u1} {24, us} {us}
{uo} {u1}  {ua} {uq} {us} s
s/*1 {uo, u1,u3, uq, us}
{u3,u4,us}
Figure 1: A-decision tree T/%0z12
{uo} {u1} {ua} {us, us}
§/=2
Figure 3: B-decision Trees Sf*1 and S/*2
Zo zy T2 f
Value 0 1 0 1 0 1 0 1
Set of Uo, U1, | Uq,Us | wo,u1 | u3 ug, g | u1,u3, | Yo, U1 | U3, U4
tuples uz Uuq, Us us _ us
k 3 2 4 1 2 K] 2 3
Rs(k) 0.442 0.529 0.258 0.464 0.529 0.442 0.529 0.442
niropy | H(xg) = 0.971 | H(z1) =0.729 | H(zz) = 0.971 H(f) =0.971

Figure 4: Computation of Entropies
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